
(jynd)zexizt zexeag

dinxeb lky zilnxep dxcq dl zniiw m` dxizt dxeag G :dxcbd :zxekfz
.miila`

.'ag G `dz :xehhenewd g"z :dxcbd
xehhenewd - a, b ∈ G ,[a, b] := aba−1b−1

xehhenewd g"z - G′ = 〈{[a, b] : a, b ∈ G}〉
.zila` G m"m` G′ = {e} .1 :dcaer

G′ = G f` zila` `l dheyt G m` .2

:xehhenewd zxcq :dxcbd

G(0) := G

G(1) := G′

G(i+1) :=
(
G(i)

)′

G(t) = {e}y jk iteq t miiw m"m` dxizt G :htyn

.dxizt `id dxizt dxeag ly dxeag zz :1 dpwqn

2 dpwqn
.dxizt `id dxizt 'ag ly dpn zxeag

dgked

∀g∈Gπ (g) = .`.f)ipepw mfitxenit` π : G → G/N .N E G ,'ag G `dz :1 dnl
.H ≤ G .(gN

π (H ′) = (π (H))
′ if`

:1 dnl zgked

π (H)
′
= 〈{[π (a) , π (b)] : a, b ∈ H}〉 = 〈{[aN, bN ] : a, b ∈ H}〉 =

= 〈{[a, b]N : a, b ∈ H}〉 = 〈{π ([a, b]) : a, b ∈ H}〉 = π (H ′)

.1 dnl l"yn

:1 dnl z` wfgp

(π (H))
(i)

= π
(
H(i)

)
mly 0 ≤ i lkl :2 dnl

1



.i lr divwecpi`a :2 dnl zgked

(π (H))
(0)

= π (H) = π
(
H(0)

)
i = 0 xear

i+ 1 xear gikep ,i xear zepekp gipp

π (H)
(i+1)

=
(
π (H)

(i)
)′

=
(
π
(
H(i)

))′
= π

(
H(i+1)

)

(dxizt `id dxizt dxeag ly dpn zxeag)2 dpwqn zgkedl xefgp

:f`e .G(t) = {e}y jk iteq t miiw htynd itl okl ,dxizt G

(G/N)
(t)

= π (G)
(t)

= π
(
G(t)

)
= π ({e}) = eN = N =

{
eG/N

}
.dxizt G/N eplaiw htynd itl

(htyn)3 dpwqn
.dxizt G if` dxizt G/N(ii) mbe dxizt N(i) m` .N E G dxeag G `dz

dgked

(G/N)
(t1) = eG/N = Ny jk iteq t1 miiw lirlc htynd itl okl ,dxizt G/N

,2 dnl itl

N (G/N)
(t1) = (π (G))

(t1) = π
(
G(t1)

)
=

{
xN : x ∈ G(t1)

}
⇒ ∀x∈G(t1)xN = N ⇒ ∀x∈G(t1)x ∈ N ⇒ G(t1) ⊆ N (C)
(CC)N (t2) = {e}y jk iteq t2 miiw okl ,dxizt N (i) itl ,jci`n

(C) (CC) ⇒ (
G(t1)

)(t2)

≤ N (t2) = {e}

⇒ G(t1+t2) = {e}
.dxizt G ,htyn itl ,okl

�

miyeniye ze`nbec

1 htyn
.dxizt G if` .(irah k ,pk dxcq .`.f)p-zxeag G .ipey`x p `di
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dgked

.k lr divwecpi`a
okle ,zila` hxta ,zilwiv `id okl .p ipey`x xcqn dxeag G f` k = 1 m`

.dxizt
.dxizt k > m ,pm xcqn dxeag lk .`.f .k > m jixrn lk xear zepekp gipp

.dxizt `idy d`xp .pk xcqn 'ag G `dz
0 < r ≤ xy`k |Z (G)| = pp

′
.`.f .il`ieeixh `l fkxn Gl yi epcnly htyn itl

.k

r = k :` dxwn •
.dxizt okle zila` `id okle G = Z (G) f`

0 < r < k :a dxwn •
.dxizt okle zila` Z (G) E G f`

G/Z(G) divwecpi`d zgpd itl okle ,k − r < k ,0 < ry oeeikn .pk−r xcqn G/Z(G)

.dxizt
.dxizt G ⇐ dxizt G/Ny jk dxizt N E G zniiw ,3 dpwqn itl

.dxizt G okle

�

2 dcaer
.dxizt G if` .miipey`x p, q ,pq xcqn dxeag G `dz

dgked

.dxizt hxtae ,zila` okle p2 xcqn G f` p = q m`
p < q ,k"da ,f` p 6= q m`

Ga g"z 'qn ,III `eliq htyn itl .q xcqn H g"z Gl yi iyew htyn itl
rq ≡ 1mod q mbe rq|pq miiwn ,rq epnqp ,q xcqn

rq = 1 okle rq 6= q, pq, p ⇐ r1 ∈ {1, p, q, pr} ⇐
H E G ⇐ (H enk xcq eze`n g"z xHx−1 ik)xHx−1 = H ,x ∈ G lkl ⇐

.dxizt hxtae zilwiv okl q xcqn H
.dxizt hxtae zilwiv okl p xcqn G/H

.dxizt G ,3 dpwqn itl

�
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dagxd

:(p ≤ q)pqm xcqn dxeag xear mb caer df
.dxizt zncew dpwqn itl okle pm+1 xcqn G f` p = q m`

p < q ,dgpdd itl if` p 6= q m`
Ga g"z 'qn ,III `eliq htyn itl .qm xcqn H g"z Gl yi I `eliq htyn itl

rq ≡ 1mod q mbe rq|pqm miiwn ,rq epnqp ,qm xcqn
rq = 1 lawp rq | pqm itl ,rq 6= p .q - rq ⇐ r1 ∈ {1, p, q, pr} ⇐

H E G ⇐ (H enk xcq eze`n g"z xHx−1 ik)xHx−1 = H ,x ∈ G lkl ⇐
.dxizt htyn itl okl qm xcqn H

.dxizt hxtae zilwiv okl p xcqn G/H
.dxizt G ,3 dpwqn itl

�

(ogana ynzydl xeq`)ciiqpxa htyn
.dxizt `id (miipey`x p, q)piqj xcqn dxeag lk

(ogana ynzydl xeq`e)gikep `l

dnbec cer

libxz
?dxizt gxkda 42 xcqn dxeag m`d

daeyz

42 = 2 · 3 · 7

,r7|42 miiwn 7 xcqn g"z 'qn III `eliq itl .7 xcqn H g"z yi iyew htyn itl
.(lirlc milewiyn)zilnxep H ⇐ r7 = 1 ⇐ r7 ≡ 1mod7

itl okle ,pq xcqn dxeag ,6 xcqn G/H .dxizt hxtae ,zilwiv okl 7 xcqn H
.dxizt G okle .dxizt ,epgkedy dcaer

�

libxz
?dxizt 30 xcqn dxeag m`d
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daeyz

30 = 2 · 3 · 5

r5 ≡ 1mod5 ,r5|30 miiwn 5 xcqn r5 g"z 'qn .(iyew itl)5 xcqn H g"z Ga yi
.r5 ∈ {1, 6} ⇐

if` 5 xcqn zepey g"z izy H1,H2 m`y al miyp ,ziy`x ,if` r5 = 6 m`
H1 = 〈g〉 = okle odizy z` xveiy szeyn g 6= e xai` odl yi zxg` H1∩H2 = {e}

.dgpdl cebipa zeey odr xnelk .H2

xcqn 4 ,mixa` 5 ,5 xcqn dxeag lka ?Ga 5 xcqn mixai` 'qn dn r5 = 6 m`
mpi`y mixai` 6 · 4 = 24 yi ,5 xcqn zepey zexeag 6a .(e `ede)1 xcqn cg`e 5
mixai` 2 zpzep 3 xcqn dxeag lk .2e 3 mixcqn mixai` 5 exzep .5 xcqn mde ,e

.2 xcqn
2 xcqn cala zg` 'ag yi f` 3 xcqn g"z izy yi m`

(3 xcqn g"z 3 yiy okzii `l)3 xcqn dcigi g"z yiy ,e`

5 xcqn dcigi g"z e` yi :mekiq
3 xcqn dcigi g"z e`
2 xcqn dcigi g"z e`

.dxizt okle ipey`x xcqn K eplaiw .ipey`x xcqn dcigi g"z Ka onqp
,okle ,miipey`x ipy zltkn ,pq xcqn G/K .zilnxep okle ,dly xcqn dcigi K

.dxizt ,lirl dcaer itl
.dxizt G f` .dxizt G ⇐ dxizt dilrn 'agdy ,dxizt p"gz zniiw htynd itl

�

dxizt `l 'agl dnbec

dprh
.dxizt `l A5

dgked

t oi`y o`kn .(An)
(i)

= An mly 0 ≤ i lkl okle ,zila` `le ,htyn itl ,dheyt A5

.dxizt dpi` okle (An)
(t)

= {e}y jk iteq

.dheyt xzei dgked aezk :libxz

(ciiqpxa lr qqean ik ,ogana ynzydl xeq`)htyn
.dxizt 60 > n xcqn dxeag lk
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dgked

.mipey miipey`x minxeb dyely xzeid lkl yi n < 60 lkl
miipey`x minxeb ipy xzeid lkl yi n 6= 30, 42n dpeyd n < 60 lkl ,ok lr xzi
.dxizt `id n xcqn dxeag ,n 6= 30, 42 ,n < 60 lkl ciiqpxa htyn itl okl .mipey

.dxizt n xcqn dxeagy epi`xd n = 30, 42 xear

(ogana ynzydl xeq`)oeqtnez-hiit htyn
.dxizt `id ibef i` xcqn dxeag lk

(dpigaa ynzydl xeq`)

dpigad

gikedl `l ,zrcl - (llek)mfitxenefi` cr mihtynd lk •

d`lde I `eliq ,iyew gikedl zrcl •

dpigad dpan
dzika ecnlpy mihtyn zgked - '` wlg •

.zel`y 4 jezn 3 - 'a wlg •
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