
lre p"gz lr lkzqdl `ed oeirxd .minxebd xeza zexeag zz xegal witqn `l
y jk ? dlert `evnl jixv - N CG zepn

G ∼= N ? G/N

A×B dxyi dltkn `id rbxk mixikn epgp`y dcigid dwacdd

dnbec

G = Z49

N = 7Z49
∼= Z7

la` ,Z7
∼=zilwiv okle 7 xcqn dxeag G/N ∼= Z7

Z49 6∼= Z7 × Z7

dxcbd
G = G0 BG1 BG2 BG3 B ... G ly g"z ly dxcq `id zilnxep dxcq

{e} i"r oinin dxcq xebql ozip cinz
N 6= G xne` GBN oeniqd df libxza

.'efi` ick cr wx minxebl miqgiizn aexl .Gi/Gi+1 md dxcqd ly minxebd

ze`nbec
GB {e} .1

G = S3 BA3 B {e} .2

dxcbd
GB...BABCBBB.... zilnxep dxcq `id GB...BABBB... zilnxep dxcq ly oecir

.dxcql p"nz ztqed -

.oecir `l mbe - GBGB {e}B {e} :zilnxep dxcq dpi` z`f :dxrd

dxcbd
.mipecir dl miniiw `l m` akxd zxcq z`xwp zilnxep dxcq
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htyn
!miheyt md da minxebd lk m` wxe m` akxd zxcq `id zilnxep dxcq

dxrd

(ipey`x p ,Zp
∼=xnelk)ipey`x xcqn `id ⇔ dheyt `id zila` dxeag

ze`nbec
Z4 = Z×Z×Z×ZBZ×Z×Z×{e}BZ×Z×{e}×{e}B{e}×{e}×{e}×{e} .1
ZBmZBm2ZBm3ZB... ocrl ozip .ZBmZB{e} - akxd zxcq oi` Z dxeagl

G = S4 BA4 B V4 .2
dpan eze` zlra `id σπσ−1 if` σ ∈ A4 lkle π ∈ V4 lkl ik V4 C A4]
V4 okl .2, 2 mixefgn dpan mr zexenzd lk z` yi V4a la` .π enk mixefgn

[.dcnvdl dxebq
:akxd zxcql ocrl ozip

G = S4 BA4 B V4 B {(1) , (1, 2) (3, 4)}︸ ︷︷ ︸
=H

B {e}

.[V4 : H] = 2y llba H B V4 .miheyt minxebd lk ik akxd zxcq z`f
2 xcqn zxg` g"z lka H z` silgdl ozip :dcigid akxdd zxcq `l z`f

.V4 ly

dxcbd
zelewy od zeilnxep zexcq izy

G = G0 BG1 B ...BGk

H = H0 BH1 B ...BHm

midf minxebd mbe (minxebd xtqn=Bd xtqn `ed dxcq lk ly jxe`) k = m m`
y jk π ∈ Sk zniiw xnelk .mdly dxenz ick cr

Hi/Hi+1
∼= Gπ(i)/Gπ(i)+1

xiixy-xcpled-ocxe'f htyn
.zelewy od dly akxd zexcq izy lk if` akxd zxcq zniiw Gl m`
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ze`nbec
(miheyt minxebd :akxd zxcq z`f) .G = Z6 B

↑
Z3

3Z6 = 〈3〉 B
↑
Z2

{e} .1

G = Z6 B
↑
Z2

2Z6 B
↑
Z3

{e}

.(1, 2) ∈ S2 dxenzd i"r zelewy zexcqd
mipecir cer oi` okle ,p"gz cer oi` Z6l ik Z6 ly zecigid akxdd zexcq el`

.Z6 B {e}l

dlewy dxcqd .S3 ly dcigid akxdd zxcq z`f .G = S3 B
↑
Z2

A3 B
↑
Z3

{e} .2

.zeitxenefi` opi` od la` ,Z6 ly dxcql

zexizt zexeag

dxcbd
.miila` md minxebd lky zilnxep dxcq dl zniiw m` dxizt z`xwp dxeag

ze`nbec
dxeagd okle ,ila` `ede G `ed mxebd - GB{e} .dxizt `id zila` dxeag lk .1

.dxizt

ly dcigid zilnxepd dxcqd z`f .ila` epi`e A5
∼=heyt mxebd - A5 B {e} .2
.dxizt dpi` A5 okle A5

libxz
.dxizt S4y e`xd

oexzt

S4 B
Z2

A4 B
Z2

V4 B
Z2×Z2

{e}

(witqn df la` akxd zxcq `l z`f)
.dxizt S4 okle (miheyt `weec e`l)miila` minxebd lk
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dnbec
.dcy F xy`k H ≤ GL2 (F) lr lkzqp

H =

{[
a b
0 1

]∣∣∣∣a ∈ F∗, b ∈ F
}

.dxizt H m`d ewca

oexzt

.g"z ok` Hy ewca

.K =

{[
1 b
0 1

]∣∣∣∣b ∈ F
}
CHy d`xp

:'ned ly oirxb `id Ky d`xp

ϕ : H → F∗

ϕ (A) = detA

K CH okl ,K `ed ϕ ly oirxbd{[
a b
0 1

]}
B
F∗

{[
1 b
0 1

]}
B
F
{e}

. (ϕ 'nedd lr 1 efi` itl F∗ ∼= H/K)

ψ : K → F

ψ

([
1 b
0 1

])
= b

.mfitxenefi` ψy ewca(
a′ b
0 1

)(
a 0
0 1

)()
dni`zn zilnxep dxcq epae

{[
a 0
0 1

]}
CH m`d ewca

libxz
.dxizt pq xcqn dxeag lk

oexzt

.zilnxep g"z zniiw okle (mdipy e`)rq = 1 e` rp = 1y `eliq ihtyn zxfra epi`x
rp ∈ {1, q}
rq ∈ {1, p}

rp = 1 gipp k"da

G B
Zq

Hp B
Zp

{e}

miila` minxebd ipy
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htyn
.N CG

.dxizt G/N mbe dxizt N ⇔ dxizt G

libxz
.dxizt `id p zxeag lk

oexzt

.|G| = pn xy`k n lr divwecpi`a
.dxizt okle zila` `ide G ∼= Zp f`e |G| = p ik xexa df n = 1 xear

.Z (G)CGy reci
.dxizt G f`e zila` G⇐Z (G) = G m`

p cen miyer - pn = |G| = |Zm(G| +
∑

|conj (x)|]p zxeag lka Z (G) 6= {e}
[dxizq milawne

G B
G/Z(G)

Z (G) B
Z(G)

{e}

k xcqn dxeag Z (G) ,pn−k xcqn dxeag G/Z(G)

G/Z(G) mbe (Z (G) zeila` itl e`)dxizt Z (G) divwecpi` itl okle k, n−k < n
.dxizt `id G htynd itl f`e ,dxizt

xehhenewd

dxcbd
`ed a, b ly xehhenewd if` ,a, b ∈ G eidi

[a, b] := aba−ab−1

`id G ly xehhenewd zxeag zz

G′ := 〈{[a, b]|a, b ∈ G}〉

htyn
zila` G/G′ mbe G′ CG
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dxrd

ab = ba⇔ aba−1b−1 = e⇔ [a, b] = e

libxz

[a, b]
−1

=
(
aba−1b−1

)−1
=

(
bab−1a−1

)
= [b, a]

htyn
G(t) = {e}y jk t miiw ⇔ dxizt dxeag G

oeniq

G(1) = G′

G(2) = G′′

G(3) = G′′′

...

(ogann)libxz
.dxizt `id 60 xcqn dxeag lk - ekixtd e` egiked

jixtp

.60 xcqn `id A5

A′
5 = {e} m` la` .A′

5 = {e} , A5 ,dheyt A5y llba ⇐ A′
5 C A5 ik A′

5 = A5

.dxizq - zila` A5 if`
.dxizt dpi` dxeagd okle A

(n)
5 6= {e}⇐A

(n)
5 = A5 ,n lkl ⇐ A′

5 = A5 okle
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