
zeilwiv zexeag
zxekfz

Ga yi m` .mixvei zveaw z`xwp A f` 〈A〉 = G m` .w"z A ⊆ G ,dxeag G `dz
.zilwiv 'ag z`xwp G f` 〈{g}〉 = 〈g〉 = Gy jk g ∈ G xai`

epi`xd

.zila` `id zilwiv dxeag lk `l .zila` `id zilwiv dxeag lk

htyn
`ed G ly xcqd m` .G ∼= Z f` iteq epi` G ly xcqd m` .zilwiv 'ag G `dz

.G ∼= Zn f` (irah 'qn n)n

dgked

.〈g〉 = Gy jk y ∈ G miiw f` .zilwiv 'ag G `dz

.gk 6= e iteq k lkl .` dxwn
f` ,gi = gj m` xnelk ,zxg` ,gi 6= gj minly i 6= j lkl df dxwna

.dxwnd i`pzl dxizqa e = gj=i⇐g−igi = g−igj

itl r"gg ϕ .ϕ (k) := gk i"r zxcbend ϕ : Z → G dwzrda opeazp
m miiw x ∈ G xai` lkl okl .G = 〈g〉 = {gm : m ∈ Z} ik lrϕ .gi 6= gj

.x = gm = ϕ (m)y jk mly
m1,m2 ∈ Z lkl ik mfitxenened ϕ

ϕ (m1 +m2) = gm1+m2 = gm1gm2 = ϕ (m1)ϕ (m2)

.(iteq epi` G ly xcqde)G ∼= Z ` dxwna okle ,mfitxenefi` ϕ :dpwqn

.gk = ey jk jly k 6= 0 miiw .a dxwn

g−k =
(
gk

)−1
=e iaeig −k f` ,zxg` .iaeig ky k"da gipdl ozip ,ziy`x

.e−1 = e
.n := min

{
k ∈ N : gk = e

}
xnelk ,gn = e exear ilnipin iaeig n miiw

.G =
{
g0, g1, ...gn−1

}
dixai`y n xcqn dxeag G ,df dxwna :xfr zprh

itl ,zrk .G = 〈g〉 = {gm : m ∈ Z} dgpdd itl ,ziy`x :.r.h zgked
,q ∈ Z miniiw mly m lkl ,qcilwe` ly zix`yd htyn

okle ,m = nq + ry jk mly 0 ≤ r < n

gm = gnqm+rm = gnqmgrm = (gn)
qm grm = eqmgrm = grm ∈

{
gi : 0 ≤ i ≤ n

}
,jci`n .G = 〈g〉 = {gm : m ∈ Z} ⊆

{
gi : 0 ≤ i < n

}
o`kn

.G =
{
g0, ...gn−1

}
oklG = 〈g〉

{
gi : i ∈ Z

}
⊇

{
gi : 0 ≤ i < n

}
xexa

0 ≤ j1 < j2 < n oi`y ze`xdl xzep ,.r.h zgked milydl ick
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dxizq ,0 < j2 − j1 < n ,e = gj2−j1 zxg` .gj1 = gj2y jk
.n zeilnipinl

.r.h l"yn

.∀k ∈ Zn ϕ (k) := gk i"r zxcbend ϕ : Zn → G dwzrda opeazp
x lkl ,okle ,x = gmy jk 0 ≤ m < n miiw .r.h itl ,x ∈ G lkl ik lrϕ

.x = gm = ϕ (m) ik ,xewn miiw
.r"gg mb ϕ okl ,lr ϕe |G| = |Zn|y oeeikn

m1,m2 ∈ Zn lkl ok` .'ned ϕ ,seqal

ϕ (m1 +m2) = g(m1+m2)modn = gm1+m2 = gm1gm2 = ϕ (m1)ϕ (m2)

.Znl 'fi`e n xcqn ziteq G 'a dxwna :dpwqn

dnbec

(`

G =

〈(
1 1
0 1

)〉
=

{(
1 1
0 1

)k

: k ∈ Z

}
⊆ SL2 (F)

.dzxcbd itl zilwiv dxeag

(!gked)

(
1 1
0 1

)k

=

(
1 k
0 1

)
:dxrd

(
1 k1
0 1

)(
1 k2
0 1

)
=

(
1 1
0 1

)k1
(
1 1
0 1

)k2

=

(
1 1
0 1

)k1+k2

=

(
1 k1 + k2
0 1

)
e−→ k1+k2

f` p oiit`n mr dcy F m` .G ∼= Z (iteqpi` xcqn xg` dcy lk e`)F = R m`
.G ∼= Zp

zxekfz
o (g) := |〈g〉| :g ∈ G xa` ly xcqd

libxz
,iteqpi` `ed o (g) m` .o (g) = min

{
k ∈ N : gk = e

}
f` o (g) = n < ∞ m` :egiked

.gk = ey jk irah k miiw `l f`
.lirl htynd zgked :fnx
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zeil`nye zeipni zewlgn :ycg `yep
dxcbd

.G ly g"z H ≤ G .dxeag G `dz
.edylk xai` g ∈ Hlk Hg = {hg : h ∈ H} dveaw `id Ga zipni dwlgn

.edylk xai` g ∈ Gyk gH := {gh : h ∈ H} dveaw `id Ga zil`ny dwlgn

ze`nbec

(1

G = Z

H = 4Z

.zeil`ny zewlgn=zeipni zewlgn zila` Zy oeeik

0 + 4Z = 4Z

1 + 4Z = {...,−3, 1, 5, 9, ...} = {n ∈ Z : nmod4 ≡ 1}

2 + 4Z = {...,−2, 2, 6, 10, ...} = {n ∈ Z : nmod4 ≡ 2}

3 + 4Z = {...,−1, 3, 7, 11, ...} = {n ∈ Z : nmod4 ≡ 3}

.Z `ed dl`d zewlgnd zrax` ly cegi`d

(2

G = R2

(x0, y0) 6= (0, 0) , H = {r (x0, y0) : r ∈ R}

.ziy`xd jxc xaerd xyi `ed H
.Hl zilawnd xyi - ~v +H
.~v +H = H f` ~v ∈ H m`

ze`nbecd izya

.dxeagd lk ocegi`e ,zexf e` zecklzn zeipni zewlgn
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oelibxz (3

G = S3

H =

〈(
1 2 3
2 1 3

)〉
.Ga H ly zeil`nyde zeipnid zewlgnd z` ayg

dxcbd
.xH = yH m` x ∼LH y :G lr ∼LH qgi xicbp .g"z H ≤ G ,dxeag G `dz

(Hx = Hy m` x ∼RH y xicbp :dneca)

1 dprh
.zeliwy qgi ∼LH

dgked

.xH = xH ,x ∈ G lkl :iaiqwltx .1

yH = xH ⇔ xH = yH ,x, y ∈ G lkl :ixhniq .2

xH = zH ⇐ xH = yH ∧ yH = zH ,x, y, z ∈ G lkl :iaihifpxh .3

2 dpwqn
∼LH zgz zeliwy zewlgn ly xf cegi` G

3 dprh
hH = H h ∈ H lkl

dgked

,x ∈ H lkl jci`n .hH = {hx : x ∈ H} ⊆ H xexa ,Ha ltkd zexibq llba
.H ⊆ hH o`kn .x = h

(
h−1x

)
∈ hH okle h−1x ∈ H

4 dprh
.y ∈ xH m"n` x ∼LH y ,x, y ∈ G lkl

dgked

.y = ye ∈ xH ⇐ .xH = yH m"n` x ∼LH y
yH = (xh)H = f`e ,y = xhy jk h ∈ H miiw f` y ∈ xH gipp :ipy oeeik

.x ∼LH y xne` df dxcbdd itl .x (hH) = xH
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zexg` milina

ly zeil`nyd zewlgnd weica od ∼LH zgz zeliwyd zewlgny zxne` 4 dprh
.Ga H

5 dpwqn
.Ga H ly zeil`ny zewlgn ly xf cegi` `id G

dgked

.4 dprh + 2 dpwqn

6 dprh
.|xH| = |yH| ,x, y ∈ G lkl

dgked

∀h ∈ H,ϕ (xh) = yh i"r ϕ : xH → yH dwzrd xicbp
.lre r"gg ,ahid zxcben dwzrd ef :dprh

m`e ,z = xh2 m`e ,z = xhy jk h ∈ H miiw z ∈ xH lkl ik ,ahid zxcben
miiw z ∈ xH xa` lkl ,xnelk .h1 = h2 ⇐ xh1 = xh2 f` z = xh1 ∧ z = xh2

.ϕ (z) = yh f`e z = xhy jk cigi h ∈ H
,xh1 = z1y jk h1, h2 ∈ H miniiw f` xHa mipey mixa` z1 6= z2 :r"gg

.ϕ (z1) = yh1 6= yh2 = ϕ (z2) f`e (?recn)h1 6= h2e xh2 = z2
xnelk ,w = ϕ (xh) f`e w = yhy jk h ∈ H miiw w ∈ yH xa` lkl ik :lr

.xewn xh ∈ xH

7 dpwqn
|xH| = |H| x ∈ G lkl

dgked

eH = H f`e 6 dprha y = e xgap

('fpxbl htyn ly migeqipd cg`)8 dpwqn
.|G| z` wlgn|H| f` ,g"z H ≤ G ,ziteq dxeag G m`

dgked

|G| = okl 1G =
∐

xiH xnelk .zeil`ny zewlgn ly xf cegi` G ,5 dpwqn itl
k xy`k |G| = k |H| okle |H| xcq ece`n mixaegnd lk ,7 dpwqn itl .

∑
i

|xiH|

.Ga|H| ly zeil`nyd zewlgnd 'qn

xf cegi`l oeniq df
∐

1
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