
.g"z H ≤ G `dz

dxcbd

:Ga H g"z ly qwcpi`d
m [G : H] :=Ga H ly zeil`nyd 'gnd 'qn

:xary xeriya epgked

|G|
|H|

= [G : H] if` ,g"z H ≤ G ,zitqe dxeag G `dz 'bpxbl htyn

daeyg dxrd

|G|
|H|

=Ga H ly zeipnid zewlgnd 'qn ,l"pd dxwna ,gikedl ozip ote` eze`a

1 dpwqn

.Ga H ly zeil`nyd zewlgnd 'qn=zeipnid 'gnd 'qn

2 dpwqn

.dxeagd ly xcqd z` wlgn (zeiteq zexeaga)dxeag zz ly xcqd

3 dpwqn

o (G) | |G| ,g ∈ G lkl ,ziteq dxeag G `dz

dgked

.G ly xcqd z` wlgn dxeag zz lk ly xcqd 2 dpwqn itle o (g) = |〈g〉|

4 dpwqn

∀g ∈ G, g|G| = e if` .ziteq dxeag G `dz

dgked

:miiwzn 'bpxbl htyn itl

|G| = |〈g〉| · [G : 〈g〉] = o (g) · [G : 〈g〉]

.iteq `ed iteq 'qn wlgny dn - iteq o (g) okl ,lirl 3 dpwqn o (g) | |G| hxta
o (g) = min {n ∈ N : gn = e} if` iteq o (g) m` mcewd xeriydn libxz itl ,f`e
milawn dwfga eze` milrn m`y xtqn dfo (g) ik iteq o (g) xear :hxta

okle go(g) = ey

g|G| = go(g)·[G:〈g〉] =
(
go(g)

)[G:〈g〉]
= e[G:〈g〉] = e

:mixtqnd zxeza reci htyn raep 4 dpwqnn
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ohwd dnxt htyn

αp ≡ αmodp α ∈ Z lkl .ipey`x p idi

dgked

αp
modp = αmodp = 0 miiwzne p | αp if` p | α m` '` dxwn

mly 0 < r < p xy`k αmodp = r xnelk p - α m` 'a dxwn

αp = :fnx]libxz :dgked .αp
modp = rpmodp if` αmodp = r m` dlw dcaer

[(qp+ r)
p
α = qp+ r

rpmodp = r ,∀0 < r < p gikedl witqn okl

ltkl qgia dxeag F∗
p = Fp \ {0} okle p elecen ltke xeaig mr dcy Fp zxekfz

.p elecen

.rp−1
modp = 1⇐r|F

∗
p|modp = 1 :4 dpwqn itl .

∣∣F∗
p

∣∣ = p− 1 okle r ∈ F∗
p zrk

rpmodp = lawpe (p elecen ltka xnelk ,F∗
p dxeaga)ra mitb`d ipy z` litkp

�rmodp = r

(zewlgn `yepa)dnlyd
dprh

:a, b ∈ G lkl .H ≤ G ,dxeag G `dz

b−1a ∈ H m"n` aH = bH (i)

ab−1 ∈ H m"n` Ha = Hb (ii)

ddf (ii) ly dgkedd xy`k (i) z` gikep

okle a−1b ∈ G f`e ∃h ∈ H b = ah⇐b = be =∈ aH⇐aH = bH ⇐
.b−1a =

(
a−1b

)−1
= h−1 ∈ H

aH = (bh)H = f`e a = bh f`e ∃h ∈ H b−1a ∈ h f` b−1a ∈ H gipp ⇒
b (hH) = bh

zilnxep dxeag zz
dxcbd

.gH = Hg ,∀g ∈ G m` (p"gz)zilnxep dxeag zz H .g"z H ≤ G ,dxeag G `dz
H E G oeniq
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ze`nbec

.zilnxep `id H g"z lk .zila` G .1

.g {e} = g = {e} g ∀g ∈ G ik {e} E G .idylk dxeag G .2

.gG = G = Gg ∀g ∈ G ik G E G ,G dxeag lkl .3
.zeil`ieeixh p"gz ze`xwp 3e 2 ze`nbec

.p"gz `id Z (G) fkxnd G dxeag lkl .4
∀g ∈ G gZ (G) = {gx : x ∈ Z (G)} = {xg : x ∈ Z (G)} = Z (G) g :dgked

.5

H =

〈(
1 2 3
2 1 3

)〉
=

{(
1 2 3
1 2 3

)
,

(
1 2 3
2 1 3

)}

g =

(
1 2 3
1 3 2

)

gH =

(
1 2 3
1 3 2

){(
1 2 3
1 2 3

)
,

(
1 2 3
2 1 3

)}
=

{(
1 2 3
1 3 2

)
,

(
1 2 3
3 1 2

)}

Hg =

{(
1 2 3
1 2 3

)
,

(
1 2 3
2 1 3

)}(
1 2 3
1 3 2

)
=

{(
1 2 3
1 3 2

)
,

(
1 2 3
2 1 3

)}
.G ly p"gz dpi` H o`kn ,gH 6= Hg eplaiw

:G ly p"gz G = GLn (R) .6

GLn (R) E GLn (R) (`)

{In} E GLn {R} (a)

Z (GLn (R)) = {rIn : r ∈ R∗} E GLn (R) (b)

dprh

SLn (R) E GLn (R) ,∀1 ≤ n

dgked

1 dprh

A · SLn (R) = {B ∈ GLn (R) : detB = detA} ,A ∈ GLn (R) lkl

1 xfr zprhl dgked

itl m"n` A·SLn (R) = B ·SLn (R) m"n` B ∈ A·SLn (R) mcew xeriyn dprh itl
htyn itl)m"n` det

(
B−1A

)
= 1 m"n` B−1A ∈ SLn (R) lirl dnlyda dprhd

lyn detA = detB m"n`
1

detB
detA = 1 m"n` det

(
B−1

)
detA = 1 (dltknd

1 dprh
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2 dprh

A ∈ GLn (R) lkl

SLn (R) ·A = {B ∈ GLn (R) : detA = detB}

dgked

mlyd - ddf

seqal

.dprh ⇐ 2 dprh + 1 dprh
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