
zxekfz
AB := {ab : a ∈ A, b ∈ B} if` ,Ga w"z A,B ,dxeag G `dz

dcaer
.dxeag zz gxkda `l HK ,(g"z)H,K ≤ G ,'ag G gipp

dgked

,G = S3 `dz

H =

〈(
1 2 3
2 1 3

)〉
=

{(
1 2 3
1 2 3

)
,

(
1 2 3
2 1 3

)}

K =

〈(
1 2 3
1 3 2

)〉
=

{(
1 2 3
1 2 3

)
,

(
1 2 3
1 3 2

)}

HK =

{(
1 2 3
1 2 3

)
,

(
1 2 3
1 3 2

)
,

(
1 2 3
2 1 3

)
,

(
1 2 3
2 3 1

)}
S3 ly g"z dpi` HK okl |HK| = 4 - 6 = |S3|

dprh
.HN ≤ G if` .N E G ,H ≤ G ,'ag G `dz

dgked

.iktde ltk zgz dxebq HN l"n okl .(?recn)dwix dpi` HN ziy`x

xfr zprh

ng = gn0y jk n0 ∈ N miiw .n ∈ N ,g ∈ G lkl f` .N E G `dz

.r.h zgked

.ng = gn0y jk n0 ∈ N miiw⇐ng ∈ gN n ∈ N lkl⇐ .Ng = gN okl ,p"gz N
.r.h l"yn

dgked jynd

.ltk zgz dxebq HN d`xp zrk
miiwzn h1, h2 ∈ H,n1, n2 ∈ N xy`k h1n1, h2n2 HNa mixai` bef lkl

(h1n1) (h2n2) = h1 (n1h2)n2 = h1h2n0n2 = (h1h2) (n0n2) ∈ HN

:iktd zgz zexibq
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:h ∈ H,n ∈ H ,hn ∈ HNa xai` lkl

(hn)
−1

= n−1h−1 = h−1n0 ∈ HN

HN ≤ G if` N E G ,H ≤ G :epgked

IId mfitxenefi`d htyn
:if` .N E G ,H ≤ G .'ag H `dz

H ∩N E H (i)

H/H∩N ∼= HN/N (ii)

dxrd
HN/N okl ,N E HN (mcew xeryn dcaer)okl ,N E G jci`n ,N ≤ HN ≤ G

.zniiw

IId 'fi`d htyn zgked

.'nede lr ϕ gikep .∀h ∈ H,ϕ (h) := hN i"r ϕ : H → HN/N dwzrd xicbp

jk h ∈ H miiw dfk z xear .x = zNy jk z ∈ HN miiw x ∈ HN/N lkl :lr ϕ
.x = ZN = hnN = hN = ϕ f`e ,z = hny

,okl .ϕ (h1)ϕ (h2) = h1Nh2N = h1h2N = ϕ (h1h2) ,h1, h2 ∈ H lkl :'ned ϕ
recn)kerϕ = H ∩ N gikedl xzep .H/kerϕ ∼= HN/N ,Id 'fi`d htyn itl

,ok` .(?z`f l"n

kerϕ =
{
h ∈ H : ϕ (h) = eHN/N

}
= {h ∈ H : hN = N} = {h ∈ H : h ∈ N} = H∩N

dnbec
.N = 8Z ,H = 12Z ,G = Z

H ∩N = 24Z

H +N = {8k + 12m : k,m ∈ Z} = 4Z

:(IId 'fi`d htyn itl)eplaiw

12Z/24Z ∼= 4Z/8Z
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illk ote`a

:m, k ∈ Z xear :onqp
[m, k] :=ke m ly zilnipin ztzeyn dletk=nnk

[m, k] :=ke m ly ilniqwn szeyn wlgn
kZ/[m,k]Z ∼= lawpe N = mZ ,H = kZ ,G = Z gwip :IId 'fi`d htyn itl

(m,k)Z/mZ

dn`zdd htyn
.mfitxenit` ϕ : G → L `di

ly g"zl ϕ ly oirxbd z` zelikny G ly g"zn (ϕ zgz)lre r"gg dn`zd yi .1
.L

.L ly p"gzl kerϕ z` zelikny G ly p"gzn (ϕ zgz)lre r"gg dn`zd yi .2

dgked

dkex`e dlw

dixhniq zexeag :`yep

dxcbd

-pet zakxd zelert mr S (X) :=

{
f : X → X :

f injective
f surjective

}
.dveaw X `dz

.f ◦ g :zeivw

dxeag `id S (X) dcaer

cr)onql ozip okl .S (X) ∼= S (Y ) f` |X| = |Y | mr zeveaw X,Y m` 2 dcaer
.S|X| (mfitxenefi` ick

Sn = xnelk ,X = {1, 2, ...n} k"da |X| = n m` :gippe |X| < ∞a weqrp k"ca
S ({1, 2, ...n})

oeniq

π =

(
1 2 · · · n

π (1) π (2) · · · π (n)

)
onqp ,π ∈ Sn

zixefgn daizk

dnbec

(
1 2 3 4 5 6 7 8 9 10
3 4 6 1 5 9 10 8 7 2

)
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π = (1, 3, 6, 9, 7, 10, 2, 4) (5) (8)

dnbec cer

σ =

(
1 2 3 4 5 6
3 6 5 4 1 2

)
∈ S6

σ = (1, 3, 5) (2, 6) (4)

zilnxet dxcbd
dxcq zniiw dxear ,dxenz `ed (2 ≤ k ≤ n edyfi`l)k jxe`n γ ∈ Sn xefgn
1 ≤ i < lkl γ (ai) = ai+1 miiwzne {1, 2, ...n} jezn zepey zextq ly a1, a2, ...ak

.γ (j) = j j ∈ {1, 2, ...n} \ {a1, ...ak} okle ,γ (ak) = a1 ,k

dnbec

γ = (1, 3, 5, 7, 8) ∈ S10

γ =

(
1 2 3 4 5 6 7 8 9 10
3 2 5 4 7 6 8 1 9 10

)

dxrd

(1, 3, 5, 7, 8) = (3, 5, 7, 8, 1) = (5, 7, 8, 1, 3) = ...

oeniq

[n] := {1, 2, ...n}
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dxcbd
π (i) = iy jk i ∈ [n] zextqd od π ∈ Sn ly zay zecewp

Fix (π) := {i ∈ [n] : π (i) = i} :oeniq

Supp (π) := [n] \ Fix (π) milynd `ed πi ly jnez

dxcbd
Supp (π) ∩ Supp (σ) = ∅ m` zexf π, σ ∈ Sn zexenz

dcaer
πσ = σπ f` zexf π, σ ∈ Sn m`

(dxenz ly zixefgnd daizkd)htyn
ick cr dcigi efd daizkd .mixf mixefgn ly dltknk aezkl ozip π ∈ Sn dxenz lk

.xefgn lka zextqd ly ixefgnd xcqde minxebd xcq

dxcbd
.ylg cxei xcqa mixefgnd ikxe` ly xehwe `ed π ∈ Sn dxenz ly ixefgnd dpand

(8, 1, 1) mixefgnd dpan epgzt da dnbeca ,dnbecl

dxcbd
(i, j) :2 jxe`a xefgn `ed selig

(1, 2) =

(
1 2 3
2 1 3

)
, (1, 3) =

(
1 2 3
3 2 1

)
, (2, 3) = :S3a miteligd ,lynl(

1 2 3
1 3 2

)
Sna miteligd 'aw Tn onqp

dcaer

(zedfd zxenz - e)τ2 = e ,τ ∈ Tn lkl

htyn
Sn = 〈Tn〉 ,2 ≤ n lkl
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dgked

π z` aezkp .π ∈ Sn `dz .mixefgn ly iteq 'qn ly dltkn `id dxenz lk l"n
(mcew htyn itl ixyt` df)ziexgfn daizka

γ = (a1, a2) (a2, a3) · · · (ak−1, ak) , k jxe`n xefgn lkl dcaer

mixefgn ly dltkn dxenz lke mitelig ly dltkn xefgn lky oeeikn dpwqn

� mitelig ly dltkn dxenz lky lawp

'` dpyn zxekfz
π (i) > π (j)y jk 1 ≤ i < j ≤ n bef `ed π ∈ Sn dxenza jetid
Inv (π) := {1 ≤ i < j ≤ n : π (i) > π (j)} miketidd zveaw

inv (π) := |Inv (π)| miketidd xtqn

sign (π) := (−1)
inv(π)

=

{
1 2 | inv (π)
−1 2 - inv (π)

:dxenz ly oniq

sign (π) = 1 m` zibef dxenz
sign (π) = −1 m` zibef i` dxenz

An := {π ∈ Sn : sign (π) = n} :zeibefd zexenzd zveaw

dnbec
:S3

π inv (π) sign (π)(
1 2 3
1 2 3

)
0 1(

1 2 3
1 3 2

)
1 -1(

1 2 3
2 1 3

)
1 -1(

1 2 3
2 3 1

)
2 1(

1 2 3
3 1 2

)
2 1(

1 2 3
3 2 1

)
3 -1

htyn
sign : Sn → dwzrddr zxcbend sign : Sn → {−1, 1} dwzrdd ,2 ≤ n lkl

Snn mfitxenit` `id ,∀π ∈ Sn, sign (π) := (−1)
inv(π) i" i"r zxcbend {−1, 1}

({−1, 1} , ·, 1) (∼= Z2) ziltkd dxeagl
`ad xeriya gikep

:zepwqn
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1 dpwqn

An E Sn ,1 ≤ n lkl

dgked

ker sign = An

2 dpwqn

|An| =
n!

2

dgked

.|Sn/An| = |Z2| = 2⇐Sn/An
∼= Z2⇐ Sn/ker sign ∼= Z2 :2 ≤ n lkl ,Id 'fi`d htyn itl
'bpxbl htyn itl .|Sn/An| = [Sn : An] = 2 dxcbdd itl

|Sn| = |An| [Sn : An]

n! = |An| · 2

⇒ |An| =
n!

2

7


