
dnbec

.Rkl Rkn dwzrd f
.zix`ipil Rkl Rk dwzrd df

f (x+ h)− f (x)− (df)|x h = o (‖h‖)

l deey df zix`ipil f m`

f (x) + f (h)− f (x)− f (h) = 0 = o (‖h‖)

f`e (dvixhn A)f (h) = hA onqp zix`pil f m` xnelk .df |x h = f (h)y milawn

h

(
∂f

∂x

∣∣∣∣∣
x

)
= df |x h = f (h) = hA

:zexiyi aygl mb ozip

f (h) = hA

fi (h) =
k∑

j=1

xiaij

(
∂fi

∂xi

)
=

 aij



dnbec

x2

a2
+

y2

b2
+

z2

c2
= 1 ci`eqtil` ly gtpd z` ayg

⇒

(
∂f

∂x

)
= A, A =

a 0 0
0 b 0
0 0 c

 =
∂ (x, y, z)

∂ (u, v, w)

(u, v, w)

a | 0
b

0 | c

 = (au, bv, cw)

x

a
= u

y

b
= v
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z

c
= w

D̄′ =
{
u, v, w

∣∣u2 + v2 + w2 ≤ 1
}

(dycgd mixivd zkxrna)cg` qeicx lra xeck dfy

|J (w)| =

∣∣∣∣∣∣
a 0 0
0 b 0
0 0 c

∣∣∣∣∣∣ = abc

V =

˚

D̄

dxdy dz =

˚

D̄′

∣∣∣∣∣∂x∂u
∣∣∣∣∣ dudv dw =

= abc

˚

D̄′

dudv dw =
4π

3
abc

(Rka)meqg `l D̄ megz lr divxbhpi`
.meqg `l xebq D̄ megz eplaiwy gipp .mineqg minegz lr epxaic eiykr cr

ik meqg `ede ,R > 0 lkl dlekz lra (xebq)megz D̄R + D̄ ∩ B̄ (0, R) :migipn
B̄ (0, R) xecka lken `ed

.(Rk lr dtivx f :lynl)D̄R l"pk megz lk lr ziliaxbhpi` f :migipn

(dx = dx1...dxk) (ahid xcben) IR =
´
· · ·
´

D̄R

f dx if`

df leabe ,miiw lim
R→∞

Ir m` (qpkzn e`)miiw
´
· · ·
´

D̄

f dx lxbhpi`dy mixne`
´
· · ·
´

D̄

f dx lxbhpi`d f` `xwp

ˆ
· · ·
ˆ

D̄

= lim
R→∞

ˆ
· · ·
ˆ

D̄

f dx

dnbec

¨

D̄

e−x2−y2

dxdy =?
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D̄ =

{
(x, y)

∣∣∣∣ x ≥ 0
x ≥ 0

}
(xebqd iaeigd oeraxd)

D̄R = D̄ ∩ B̄ (0, R)

IR =

¨

D̄R

e−x2−y2

dxdy

∂ (x, y)

∂ (r, ϕ)
= r :zeixlet zehpicxe`ewl xiarp

x2 + y2 = r2,

{
x = r cosϕ
y = r sinϕ

(r, ϕ)︸ ︷︷ ︸
∈[0,R]×[0,π2 ]=D̄′

R

→ (x, y) ∈ DR

IR =

ˆ π/2

0

ˆ R

0

e−r2r dr dϕ =

ˆ π/2

0

dϕ ·
ˆ R

0

e−r2r dr =

=
π

2

1

2

ˆ R2

0

e−u du

(
u = r2

du = 2r dr

)
= e−u

∣∣0
R2 = 1− e−R2

IR =
π

4

(
1− e−R2

)
lim

R→∞
IR =

π

4

˜
D̄

e−x2−y2

dxdy =
π

4
:dpwqn

zxg` jxc

z` mqegy reaixd jeza `vnp D̄R megzd .K̄R =

{
(x, y)

∣∣∣∣ 0 ≤ x ≤ R
0 ≤ y ≤ R

}
onqp

:eze` mqegy lebir raxd

K̄R ⊆ D̄R
√
2 ⊆ K̄R

√
2

3



miiwzn okl

¨

K̄R

...dxdy ≤
¨

D̄R
√

2

e−x2−y2

dxdy ≤
¨

K̄R
√

2

...dxdy

IR =
π

4

(
1− e−R

)
≤

¨

[0,x]×[0,R]

e−x2−y2

dxdy =
π

4

(
1− e−2R

)
π

4

(
1− e−R2

)
≤

(ˆ R

0

e−x2

dx

)(ˆ R

0

e−x2

dy

)
≤

π

4

(
1− e−2R2

)

∃ lim
R→∞

ˆ R

0

e−x2

dx =

√
π

2

eplaiw xnelk

∃
ˆ ∞

0

e−x2

dx =

√
π

2

lawp zibef divwpet e−x2

y oeeikne

∃
ˆ ∞

−∞
e−x2

dx =
√
π

libxz

.nl avipd xeyind z`eeyn z` `vn .n = (1, 2, 3) oezp

oexzt

.xeyind lr zillk dcewp - x = (x, y, z) .xeyind lr idylk dcewp - u0 = (x0, y0, z0)
:mdipia xehwed

u = (x, y, z)− (x0, y0, z0)

:nl avip dfd illkd xehwed

n · u = 0̄

n1 (x− x0) + n2 (y − y0) + n3 (z − z0) = 0

4



zxg` jxc

mb okle ,dfk xeyina xehwe lkl avip xnelk - el avipd xeyin lk ly lnxepd `ed n
:dl`k mixehwe ipy lkl

n =

∣∣∣∣∣∣
i j k

x1 − x0 y1 − x0 z1 − z0
x2 − x0 y2 − y0 z2 − z0

∣∣∣∣∣∣
`id (xi, yi, zi) , i = 0, 1, 2 zepezpd zecewpd zyely jxc xaerd xeyind z`eeyn∣∣∣∣∣∣

x− x0 y − y0 z − z0
x1 − x0 y1 − y0 z1 − z0
x2 − x0 y2 − y0 z2 − z0

∣∣∣∣∣∣ = 0

:zixabl` dxevae
ax+ by + cz + d = 0

ax0 + by0 + cz0 + d = 0
ax1 + by1 + cz1 + d = 0
ax2 + by2 + cz2 + d = 0

:qt` zeidl dkixv mincwnd ly dhppinxhcd il`ieeixh `l oexzt didiy ick∣∣∣∣∣∣∣∣
x y z 1
x0 y0 z0 1
x1 y1 z1 1
x2 y2 z2 1

∣∣∣∣∣∣∣∣ = 0

dxey lkn dpey`xd dxeyd xeqig ici lr zncewd dhppinxhcl df z` jetdl ozip
:zxg`∣∣∣∣∣∣∣∣

x y z 1
x0 − x y0 − y z0 − z 0
x1 − x y1 − y z1 − z 0
x2 − x y2 − y z2 − z 0

∣∣∣∣∣∣∣∣
libxz

ly gtpd z` ayg{
(x, y, z) ∈ R3

∣∣4− z2 ≥ x2 + y2 ≥ 1
}
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oexzt

qeicxa lilbl uegn⇐x2 + y2 ≥ 1 ,ipy cvn .2 qeicxa xeckd jeza x2 + y2 + z2 ≤ 4
.cg`

xnelk)(xy xeyina)x2+y2 ≤ 1 lebird lrn zeixeckd zetikd izy oia gtpd aygp
.xeckd gtpn eze` xqgpe (xeckdn rxbpy lilbdn wlgd

:`ed gtpd

z =
√
4− x2 − y2

¨

(x2+y2≤1)

[√
4− x2 − y2 −

(
−
√
· · ·
)]

dxdy

:zeiahew zehpicxe`ewl xearp

= 2

2πˆ

ϕ=0

1ˆ

0

√
4− r2r dr dy

u = 4− r2

du = −2udr
=

ˆ 1

0

u
1/2 du = 2πu

3/2
∣∣∣4
3
= 2π

(
8− 3

3/2
)

:ziteq daeyz

4π

3
23 − 2π

(
8− 3

3/2
)
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