
`eliq zexeag

dxcbd
zz .pm+1 - |G| mbe pm| |G|y jk m cigie miiw if` ,ipey`x p ,ziteq dxeag G

`eliq-p dxeag zz z`xwp pm xcqn G ly dxeag

1 `eliq htyn\dpwqn
.`eliq-p dxeag zz zniiw |G| z` wlgnd ipey`x p lkl if` ,ziteq dxeag G m`

dxcbd
m` zecenv od (zexeag zz mb zeidl zeleki)S, T ⊆ G zeveaw zz izyy xn`p

.gSg−1 = Ty jk g ∈ G miiw

libxz
.zeilnxep `l od if` zepeye zecenv od K,H ≤ G m`y e`xd

dgked

.gHg−1 = Ky jk g ∈ G miiw okle Hl dcenv K ,zrk .zilnxep H ik dlilya gipp
.dxizq ,K = H rnyn ,gHg−1 = H okle ,zilnxep H mle`

(2 `eliq)htyn
.zecenv od `eliq-pd zexeagd izz lk

libxz
.G ly `eliq-p dxeag zz gHg−1 mb f` ,G ly `eliq-p g"z H m`

libxz
zg` `eliq-p dxeag zz wx dpyi

m
.zilnxep `id `eliq-pd dxeagd zz

1



oexzt

(⇑) oeeikd dfy ,zilnxep `l `id f` zg`n xzei yi m` ik xak ep`xd

ok mb `id gHg−1 if` ,g ∈ G idi .H zg` `eliq-p dxeag zz wx dpyi (⇓)
HCG⇐ H = gHg−1 okle ,z`fk zg` wx dpyi la` .`eliq-p dxeag-zz

(3 `eliq)htyn
:if` .Ga `eliq-pd zexeagd zz xtqn z` rpa onqp

rp| |G| .`

rp ≡ 1 (mod p) .a

zexrd

gcd (rp, p) = 1 .1

rp = 1 if` zilnxep `id `eliq-p dxeag zz m` .2

dxcbd
.k edyfi`l pk xcqn dxeag `id p zxeag

libxz
.dheyt `l G if` ,rp = 1 mbe p| |G| mbe ,p zxeag dpi` G m`

.zeil`ieeixh `l zeilnxep zexeag zz `ll dxeag `id dheyt dxeag zxekfz

dgked

.zilnxep H okle ,H zg` `eliq-p dxeag zz wx zniiw okle rp = 1

`ed pm| |G| exeary ilniqwnd md f` ,p| |H| okle p| |G|y meyn H 6= {e} •
.|H| = pm hxta ,1l deey e` lecb

.p zxeag `id Gy lawp H = G ik dlilya gipp m`y meyn H 6= G •

htyn\libxz

pm| |G|y jk ilniqwnd `ed m xy`k
|G|
pm

z` wlgn rp
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dgked

H `eliq-p dxeag zza hiap

|G|
|H|

= [G : H]

|G| = |H| [G : H][
K =

|G|
pm

]
rp|k okle 1 = gcd (rp, p

m) la` rp|pm · k okl rp| |G| ,zrk
[x|b if` gcd (x, a) = 1 mbe x|a · b m` :zxekfz]

libxz
dheyt dpi` 40 xcqn G dxeagy e`xd

daeyz

xcqn `eliq-5 dxeag zz dpyie ,8 xcqn `eliq-2 dxeag zz dpyi ⇐ 40 = 23 · 51
.5

:r5 = 1 ik d`xp
`ed 1 .r5 ≡ 1 (mod 5) miiwzdl jixv sqepae ,r5 ∈ {1, 2, 4, 5, 8, 10, 20, 40}
zilnxep dxeag zz dpyi ⇐ r5 = 1 ⇐ i`pzd z` miiwny dveawa cigid xtqnd

.dheyt `l G dxeagd ⇐ 5 xcqn

libxz
?10 xcqn dheyt dxeag zniiw m`d

daeyz

⇐ [G : H] =
|G|
|H|

= 2⇐|H| = 5 .H `eliq-5 dxeag zz zniiw if` .G .10 = 2 · 5

.dheyt `l G ⇐ H CG

libxz
dxeag zz Gl yi f` q 6≡ 1 (mod p) mbe p 6= qy jk |G| = pq m` .miipey`x p, q

.zilnxep `eliq-p

oexzt

.rp = 1y ze`xdl mivex

rp| |G| ⇒ rp|p · q ⇒ rp ∈ {1, p, q, pq}

rp = 1 ⇐ p, pq ≡ (mod p) ,q 6≡ 1 (mod p) ,la`
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htyn
.zilwiv `id p · q xcqn dxeag lk if` ,q 6≡ 1 (mod p)e p < q ,miipey`x p, q eidi

libxz
dheyt dpi` 84 xcqn dxeag ik gked

dgked

r7 ∈ {1, 2, 3, 6, 12} ⇐ r7|12 ⇐ r7|
84

7
ik xak epi`xd .84 = 7 · 12

.r7 = 1 ⇐ r7 ≡ 1 (mod 2)

xfr libxz
H∩K = {e} if` p xcqn zepey zexeag izz izy H,K m` ,dxeag Ge ipey`x p m`

oexzt

H ∩K ≤ K,H

⇓

|H ∩K| | |K| = p

⇓

|H ∩K| ∈ {1, p}

.H = K ⇐ H ∩K = K if` |H ∩K| = p m`

dpwqn

p− 1a wlgzn G dxeaga ipey`x p xcqn mixai`d xtqn

"dgked"

zelleky H1, ...Hk zepey zeilwiv zexeag izza xcql xyt` p xcqn mixai`d z`
⇐ Hi ∩H = {e} lk ly jezigd ,zrk .e z` mbe p xcqn mixai`d lk z`

|H1 ∪ ... ∪Hk\ {e}| = (p− 1) · k
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libxz
Gl yiy e` zilnxep `eliq-p dxeag zz Gl yi if` ,miipey`x p, q ,|G| = p2 · q m`

.zilnxep `eliq-q dxeag zz

dgked

.1 < rp, rq ik dlilya gipp .q xcqn `eliq-qe p2 xcqn `eliq-p dxeag zz yi Gl
`eliq ihtyn itl

rp, rq| |G| ⇒ rp, rq ∈
{
p, q, p2, p2q, pq

}
rp ≡ 1 (mod p) ⇒ rp = q ⇒ q > p

rq ≡ 1 (mod q) ⇒ rq ∈
{
p, p2

}
.`eliq-q dxeag zz xvei q xcqn xai` lk

-i`d xtqn df rq (q − 1) okle ,{e}a zekzgp zepey `eliq-q zexeag zz izy lk
.Ga q xcqn mixa

:m` .rq ∈
{
p, p2

}
ik xekfp

`ed Ga q xcqn mpi`y mixai`d xtqn if` rq = p2 •

|G| − p2 (q − 1) = p2q − p2 (q − 1) = p2

H ik xexae ,|H| = p2 if` ,G ly `eliq-pd zxeag z` Ha mipnqn m` la`
mi`vnp Ga q xcqn mpi`y mixai`d lky xne` df .q xcqn xai` dlikn `l

.dxizqa 1 = rp ⇐ zg` `eliq-p zxeag wx dpyi okle ,Ha
zveawl deey dziid `id mb f` ,K `eliq-p g"z cer yi ik migipn epiid m`]

[q `l xcqn Ga mixai`d

q > p .rq = p •
.dxizq⇐ p = 1 ⇐ p ≡ 1 (mod q) ⇐ rq ≡ 1 (mod q)
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