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=R
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DN GOIR NPNY Y, o) L DI20N NN DTN OONTN DY A nnavnd .2.30 7910
2 € Ly € Ay xq + -+ + x, DP0N
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.2 IR 20NN DONRTNRD DD PN MY X1 £ NN 27200 MO »Nn OXTRD I
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o”pnn Zlx] »na .2.33 nnnt
(2,2) = {2f(2) + xg(x) | f(2), 9(x) € Zlz]} G Z[7]

Ax) # Rx-w 79 € R 2N R 2N NND .2.34 990
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Product of ideals 29D IONN BIRTRD D790 NN VT .OONDN [, J iy .2.35 DTN
n
1J = {Zikjk iwel, jre ke N}
k=1

21D DYTY ONNY INTY 0200 XD 1 DAN , D70 0N N¥IAPA DIDDN TYUND
P90 DONTN NYOOND NITINN DX 1IAND ONTN MY

AJ CINJ orpm I, J DONTN M DI .2.36 DIWYD

Z[z] »n2 923 SNTNR NIDN2 NYR DORTN SV "INTipin” N950N .2.37 DONT
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g =, =2fi+xfo € 1 DM 0N WRN DONTNI DIDVND INDN NPN
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Comaximal
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Principal ideal
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921 ,2 NN 939 YO fi, fo, g1, g2 € Zlx] M D 1YW M) ONTN KD
-v 12 ,0Map 0N fi, g1 NPOOON NOAN

(2f1 +xf2) (391 + 2g2) = 6 + 2°
6f1g1 + (2f192 + 3f201) T + fagox® = 6 + 2

D PRI NDVAN fo=go =21 ,f1 =91 = £1 90 .fig1 = fago = 1 N
2f192 +3f291 =0

ON OO opnIp on I,J D mxy I, J < R v N R o 2,38 DN
JI+J=R

AT =1N0J W ,0000p07p 1, J DRV INVIN 299N DN RO .2.39 9990

gelommpyyd I+ J=R»™yym IJ CI1NJ»> 236 NIYN2IPNI )INONO
WacelnNJoy a+j=1vIoj5¢eJ
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W ,J =372~ [ =27 ,R =7 DR .MMNMANN NN ONPA TI0 NNNT IPRI
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272N 3% =27 - 37 = 6Z »onw m0ad I+ J =7 190
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PR LDONTND D100 THY 150 AN VIV IO
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WYY DN 3

WNT NI ORTN 93120 N IURY IRDR NIPY () NN ORTN 3.1 7970
MNMYPA NIPI YWNT MNHY OINN TR NP 0N RN XY YAN PUNRI NN NIP)
TPNN) DN PYRY BINN

MZ DNMSN I 0N VY DONTNRD SYUNRD 0NN NN Z 3.2 9T
JUNIIPN Z[x] 22 1000 L3.3 9990
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YD OUNT NN (2, ) ONTRD Q[z] N2 3.4 wyn
(2,2) = (2) + (z) = Qla] + () = Qlz] = (1)
DUNIIPN (2, 1) ONTRD Q[z, y] MN2Y N L(102D) 3.5 9990

DUNT NN Z/nZ NN 030N L(200D) TPYRI NN OURD N DY M) 3.6 DYV
JURI OINN NN Z/nZ 10 YTy DNRY IRT

Simple A0}-5 R-5 019 DONTN Y PN DX VWO XIP> R 0N 3.7 nnnt
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DTV Z(R) 8,009 NN R DRV IO L3.10 9990
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NP1 IRYY .TAN x 2D NOP ONPN 2XIN2 MO .Rr = xR = R 52p) vwo
VYO =atar = a7 ra 95 or = rz ovpm r € R 9> My ot e Z(R)

ate Z(R) vy rat =2ty

NN W R M, (R) 99 NN DY M, (1) < M, (R) ™ .1 < R .3.11 vovp
AN

M (2Z) < M, (Z) .3.12 nond

DONTR PN D-5 25 vwva N N0 M, (D) > ,m9n »n X0 D DX .3.13 D
DR Z(D)-2 »9mmmvr N 0TV N0 Z (M, (D)) 95 .00 KO
Z(My(D)) = {d-L,|d € Z(D)}

2w J QRovporn I <A pinnn AC M,(R) v .3.14 990
T =ANM,(J)

I 20 My(Z)-2 miavdyn npvnwnn myaonn XA N2 NP2 XY N
NNXN W 0N Mo(Z) Sv DONRTNRD YD DRI DDAR DY A-2 MXI0NN NN
J-219pRw mypaon 9on A oy onov PN Ma(mZ)

d € D\F 955w w0 F = Z(D) 303 2TV IrRe ;9N an D > 3,15 990
Az —d) = D[z] o»pmm

15



N ed # de-w T2 e € Doy .an AR Do (x — d) ORTNAIY M) NN
f(z) =—e(z —d)+ (z —d)e € (x — d)

PO 0o v f(x)-9 W, N D-v nan Lf(x) = ed — de € D qonn
{x —d) = Dlz]
A1 MNad MAT HNTRA DIDND) (x — a) # Flz] N ,a € F orv 25 wov

T2 I < R ORTNY o R — S ovammmin R, S ©nd 7T 1N .3.16 990
SOV ORTR IR p(])-v

Prwn oy S=Q NNy R =7 np3 i ORDR (1) IN DY @ DRY 11D W0
DORTND 2D ,Q DV ORTN RO NN, Z NN ¢ NINN Z 5V mmnn . = id »yaon
LDONNPIV 0N VY DTN

Quotient ring NNAPN NN HDD NN IONDNR T < RO N R o .3.17 9910
Ei={a+1|a € R}

la+1)(b+1)=ab+1%55M (a+ 1)+ (b+1)=(a+b)+1 M>nn My Dy
Ag + 1 0 0N 22N 1 NN DOND TN

B/ nmn »n2 AR IMN N —a + 15 a+ 1 mphnnn .3.18 YD
W [ = 18Z ,R = 37 .3.19 nmont
Rir = {18Z,3 + 18Z,6 + 18Z,9 + 187,12 + 18Z, 15 + 18Z}

MMIAND NNNA ONP) Zg NNAND TPANMDN MINN NN DY PNDNN NNIANN
Z[62-2 >aMMPN NI B/1 ©NINDY NN 9950 nYaY 290 (B/1 = Z/ez 03000 1300

013 9112 15

(=}

O D W| O -

OO OO O
(e} INe) Hen) iNe) Naw}
(o] Bewl Hen) Nen) Naw}

—_
N}

NelNen) Vo) el iNoj Ra]

[en) Hen) Hen] Nen) Nan) Ran)
Ne) Nen) Vo] Nen) iNo) Rav)

15101910

TN VYN p oY L3.20 DINT
Yoz ={pL,1+pL,...,(p— 1)+ pL} =T,

939 I = (22 +1) = {f(z)(z* + 1) | f(z) € R} ,R = R[z] 001 .3.21 7mn7
2P+ =a?—(2*+ 1)+ =—-1+1o”pmm a=a+1 € /1m0 a € RN

D 9Py My 2t =1 23 = =2 " MNINY WON NMIT )19Na 22 = —1 )95
Rl ={a+ 07| o, € R}
B/ Coavon 1Y T-7 = —1 09pnnwd 1N T XN 27 9K 9 05

16



R/ 5w mosiyn o T = (2?2 + 1) R = Z/3z]x] o .3.22 9390

|B/1| =235 Blr ={a+ BT |, B € Z/sz} 9ap) 0PN 290D DT 19182 WIN9
9

Nilpotent 2" =0-v 7o n € N 0”p OX YOO NNz € R 22N .3.23 1910
.R-2 070301920 ©2RN QOIX N 000 9N N R o .3.24 90N

N < R w0 1

A0-n DMWY MDY DYHNNPIV KY DPVIVIAD DIDN PN B/N-1 5 o0n .2

IRTNIPR N 12w 09N XD N DnNT NN .3

dn,m € Nomp R abe Ny 0 N»Mpiriwxr N 1 MNINO
) I ; [
125 07NN NN BX NN NV DV DIPIAN NNON .a” = b™ = 0-v

n+m __ = k(T +m kpnt+m—k
(a=0)""" =" (-1) L )a
k=0

bHHE — 09 m < ndm—k o9 k < n nnx .a® = 0N,k > n or
(ra)" =r"a®=0"»rae NiN,r € Rorv M1 .a—be N b

o n e NP WX 20 NN 0 #£T =12+ N € B/n oo n»ova ma .2
Mwd 7" = 0-v

N=0=7"=(@x+N)"=2"+N

.(x”)k = 0-v 70 k£ € N 0»p 195 poymadn N ™ mwd .z € N 1PN
ZA0=N NN D NPno w IN .o € N 9apn 2™ =0 o5

ON P9 el = €3 = 0N e = (98) ear = (99) ,R = M3(Q) 902y .3
n € N 595 52N .0»010195%)

arar= (4 (0

ORTNIPN 1IN, NDNY MO IR N MDD .egp + €91 ¢ N 199

First IR BNV fi R — 550 (DPYURIN DDONMIDRD VIVN) 3.25 VOV

isomorphism

R/Kerf = Imf

theorem

Bfker f =2 S IR DVOWDOR 1 R — S DX 0903

17



Subring
generated by X

Finitely

generated

Evaluation map

W .f(a) = a (mod n) *95 A IMN oV [ Z — Z, o7 .3.26 Dt
.Z/nZ = Zn

NN N1AY Z, YWD WINWND 09N (Z/nZ W) Z/nz 1102 ¥HNY) INYN
STNYA YW O TR-p-N ©I90HN NN PNI’ON DY HA5ANND N >TD M

299) ASHD MDD AP RN X C Ry nn By € R N R o .3.27 A9 10
Moy X NNy Ry nX 0onn S € R onn~nn 95 ion X0 X o 9y (Ry
X 9w R oo N i Ro[X] = R or LRy[X] ymoa nt anTnn

m»p oX LRo[X] = Rolai, ..., a,] o3 & 00 X = {a,...,a,} OX
Ry 5yn oo v R 0D N Ry[X| = R-v 70 X maw n¥ap

Ry nX 9om0 R Y (09505 onva) anva yopn aNn-nn X0 Ry[X] .3.28
X N

Ro-n omTpn oy a-2 omynNan qoIr X0 Ryla] IR ,a € Z(R) DX .3.29 YW
Ro[l] = Z>5 n # 012y Ry = nZ 2N~NN 93 Syn oo s R = 7 .3.30 Nt

3 S N LR Syn 0nvn n-1 omys 0 S = Rz, ..., x,] 00 .3.31 ot
X ={x1,...,2,} My R Syn mao

,7IND P9NMIVN,PYT ATPD) NI NN Ry DYn 1XM0 I8NV 09N NN DI L3.32 99N
aNWOD n MY Rz, ..., 2, DDINN0N NN DY (PTPTI XY DNIXR YN

w1 X = {ag,...,a,} P R Ry Syn oo axnv N S o Zno

7(x;) = a; 099 7 Rolzy, ... x,] — S npnyn v .S = Rolay, ..., a,)

955 MYD D9 MM TAINY IOINA NITHIN NANIN 7 € Ry 999 w(r) =7

w oo wdn aw(f(zr,. .., xn) = flar, ... a,) PN Rolzg, ..., x,] Sv 9N
DN YV OvaNMIIIN

JSlag, ... a,) DP9 »¥Y ) S HY DR DD DY NN T 2D PITAY VAN

S = BfKerr RN DVONMIDND 0OV 290 . f (21, ..., 2,) NI DY IWAR NP

Ry =7 ,R = Z[z] 7023 5vnd 23 18 DTIPN 95900 H¥ 3w 115N .3.33 Iy
DOPY NN Zloz[z]-5 OMMPNR MN ORTRN 220 N 2Z[x] HNTRD NN
AN WK Z/2z[x] AR (2Z[x] NN WY PYDNY @ Zlz] — Z/2z]x] ovamrar
a € Zfaz[x] 939 NV | Z-5 297MMIPRN INTNN 200 WRY ) 7 Yyn a0
2a =0 o»pnn
DP9 NN NMIAND NYRIN DPNMIDND VAVNI DYDY MNDNT NND N1)
292N IN R o

(o € Z(R) or po»n XY R AWNRD N2 NN IRINN) a € R > .3.34 Hnnt
MO .. (f(x)) = fa) 295 PITIMN @, : Rlx] — R D330 npnwd3 van
LODAMDIND 1TV

a = 0 72y ,01921 .0NOY YWY NIN a-¥ DY 9D NI p, 2V PYIdN
PY .0 XN DNOY OVANN DTPNNY DMIPNAN 952 121TH 1V Ker ¢y = () Yap)
Rlz,y]/ (y) = Rlz] 03 noy1 y9wav wan Rlz|/ (z) = R

18



Ker g, = (x — a) »> WIN .3.35 990

Y(z) =x—a (1) =195 nromn ¢ R[z] — R[z] npnynn Sy 95100) o
vV NIN 0-¥ 25 W) .OPSNMIDN NYYND NODPY NN .DVINMIMND NANIM
Y((z)) = obapnw on W(f(z)) Sv v NN a O8 PN OX f(x) € R[z] Yv
{x —a)

Ax — a) N0 NHYY Py ,a Naxn osya N0 R[z] v R[z] 2% R mavavn
9onoy .f(x): R — R mwspnad mmo War f(z) € Rlz] 0»59 95 .3.36 nnnt
(fg9)(z) = M9 SnTpy” a0 Mn oy RE yow ,R-5 R-n nuspnan nn Sy
NN DORD DN DTN DR NN (f + g)(x) = f(x) + g(z) ,f(x)g(z)
L)

2V N5 KO MY 29 WY L Rlz] — RE ovammmn 11and Sp Non
N R =R OX5WNY Oy Nona &Y ¢ q9oma (22 —x) = 0N, R = Z/2z DX Swnd
R[z]/ Ker ¢ = Im ¢ 92p) ,WUNIN DDINMMIORD 0AWN 295 NPN PR e PPNl
NN IR .0 DN R-n 77y 95 NANIY DMP90 D3 qOIN NN PYIN IYUNRD

Ring of 93P AWAN LR YYD INTRODMNOD INSPNOD W0 1Y XIpN Imp = P(R) y20)
polynomial TNN MINWND ANYY MmT MATN
functions

DNNNY VNN .3.37 990

R = Cleyl/(wy—1), S = C[r7y]/<y_x2>
O”9NMIVN DPN
DNIVOMMON 11039 S 2 Clt] ,R = Clt, ¢ » AN I

R—"——Ct,t71], S —=—C[t]

r—ty—t—1 Tt y—t?

(T[x])* =, 00 T ox »ad 933n2 o0 .Clt, 1] 2 C[t] mNIND Amm »woy
»3 Yapy T
S*u{0} = (Clt))* u{0} =C*u{o}

1,t € Clt,t71 »» 1205 pmo 89 R* U {0} Yan ,M2°n5 nmon n¥iap Non
TON RO 1 4Ny

WAy SN 4

Second W AN S C RSN IRDR T < R AN 0N DDOMMIDRD VIVN) 4.1 VOVY

isomorphism

theorem S/Sﬂ[ = S+I/I

19



OYPIN n,m € Z 937 >3 1IN 4.2 ININT
ged(n, m) lem(n, m) = |nm)|
VN OVSNMMIVND VAYN 29D HWNd Z SV DONTN DY NN NOINY 73T NN
ged(n,m)Z/nz, = nZ+mZ/pg = mL/nzamz = ML/lem(n,m)Z
R/I — R/J ovammar 0»pw o (R 5w oORDR [ C J v 4.3 990

P 7NN NN DIADVRD DN PR DYTPY INK MYYD IWAN 72D 10 \IND
M3 200 NI NN APIYINY T p(r+ 1) =r+ J 095 ¢: R/I — R/J
r+J=s+JYor—seJoyynr—selwWwaor+Il=s+1

N2NN DR NTAIN NN NPNYNNY 71723

o((r+D)+(s+1)) = o((r+s8)+1) = (r+s)+J = (r+J)+(s+J) = o(r+I)+p(s+I)

ownY MNP wor 4+ J Y55 5y npnynny nN'omnd aNvd a1 o Yaon NN
OV9MIN ¢ 2D o+ [

Third R LR OWN 9 DIYRR 1 C J W L0WHUn DD9NNMIDND VAYN) 4.4 VOYD
isomorphism

theorem R/I/ J/I = R/ J

Maximal ideal XY ONTR O”P KD OX WDDPY NN RIP) [ < R MINY ONDN 4.5 DTN
NN IMN D200V

255 NP M) 2 - Z/32z KM TNR OHD0OPN ONTNR P W /322 N2 4.6 NNt
5+ Z/a52-) 3 - Z/457, DM 0YIDOPN DORDN MY W Z/457 22 (2 + 327Z) - Z/32z

ONTN NI DOND ONTR 199 ,00MII0 RO DONTN PR 12N N2 4.7 Nt
Ripjaliviv)al

7TIY W ORN 90PN NN pZ <1 Z ORTRN ,p ONYRI 19010 D30 4.8 NNt

D OwnY  LHOPN IR (z) < R[x,y|] ONTRD R >N N May 4.9 Dnondt
O N o0 J = {f(z,y) | £(0,0) = 0} MmN ONTNN

Ker f ax 9000 My ORDNX T < RO ,ovamar f: R — S o .4.10 9990
D ORDR f(I) < S DI o

NI ORDN T <O R-w 12992 o)) ORTR NN f()-v 1725 93905 PRYI ZINO
o .f(y) = f(z)-v oy €807, x € R\ [ 22X 2 .f(1) = S Yan
Avnom el ax—yeKerfCl-von x=y+ (z—y)dad

f17Z — Z/oz 5902 323 KO MYLN N, PYN DR 290 1N [ OXY 2D v
S(3Z) = Z/2z. o0 ;7N ORDN NV [ = 3Z 02y Ker f = 27 pyn oy

20



F7HT) By R 9DDPY IRPR J <5 BROBVOWDWR [ R — S 4,11 HPpOY
2N vivls)

Kerf = f71(0) Cw .f71(J) C I < R 9NN O7pY n2Hva o) dmW
OTPN 930N 299 MNy ONTPR N0 f(I) < S oy w Ker f € T 99 ,f71(J)
NITIN 295Y DADN DIVNR o0 NN fH(J)-9 V19 95, J NN YN o0 NN YN
J OV NYODYOPNS NN 1SR D0 LJ-D DNOVI KD
w: Z — Q nY2nN HYNd .OPAMMAND NYWITN KO NNDI XD MYVLNV 19 MY
5aN ,NTYa 71T 20 Q-1 Yopn xn {0} SnTrD e L({0}) = {0} Porpn
[ Z-1 NO

0WO RN R/T DX PN DR MIDWDPY RN [ <9 R TR RN N R .4.12 vowy
DWW R/T DR pW DR HOOPY 1 IR POPN R 9Dw3 DR

NNV 29N P INYRI 1901 D30 0opn NN (z,p) < Z[z] SNTNRD .6.13 T
WK Zlz|/ (x) = Z 5 poopn 8O (z) Yar .nTv N0 Zz]/ (x,p) = F, nmn
{{z,p)-2 won 5om (z) 1 N) NTY

Correspondence WO A = A/T ORI IR INROR [ <G R SO (NMINNNN VavN) 4.14 VOUYD
theorem R/ 99 DIOIRTRD 137 1 R DDV R 9V DIRTRD P3 IMD 79 DHOWDWIN
DNV M 790 N3N DADD MV ORI

D”IYRY DIONTR 4.1

Prime AB C T om»pnn A, B << R 929 DR MWYRY X 1 <8 R MIN) OINTN .4.15 D970
BT WACITW™

PN NP ONIND DR NI NPIYNID NITINN 02NN OIN N1AY .4.16 TP
belwaelw,abel oo»pnn a,be R 550w

PN NN O OWND WNn PN INY NPND WYY ORIN Mt L,07NN XD DN

AN NN NN {0} < My(D) varn ONTR .Mo(D) vivan nna y»ann D

0»pPNN
1 0y /0 0y (0O
0 0/\0O 1) \0 O

LDOND ONTRD TPV ORNY QPN DIDNRD 1D THX GRY 9aN

DNYNT TNN RN DIRN ONTR VIV NN .4.17 NNNT

ADPNTIPY YA MmN DY) MEXIN Nrwonn nrspnan 0 C(R) > .4.18 99390
3 N

I'={feCR)|f(0)=0}

INYUNI ONTIN NN

21



WL f(x)g(x) € T o 1 < C(R)-w man 900 oY1y 920 DNIR NN
95 .g(0) = 0w £(0) = 0w~ ,mmdv 0NN NN R-v »an g .f(0)g(0) = 0
gx) eI w f(x)el

IRTR KD {0} DR PN DR MDY DDA KD R IR IR DN R Y .4.19 0wy
MWK

VD NN MYRY KD {0} DR PN DR MYRY 1 < R IR N R X .4.20 Hp©oY

Rr

R/ DR PN DR MWYRY R 7 <O R IR IRTR IR DN N RO L4.21 WRpoY
7Y DINN

oNN NN Zlzl/@y) = 7 nmn 0N 00 R NN () < Z[x] ONTRD .8.22 Dt
oY

WR (Z/ADE] (o) =2 Z[AZ 05 DOWWNRI N (z) < (Z/AZ)[x] ONTRD .4.23 DNt
1,13 DnnTo nwn by oinn

P OX MUK 1 0D DN N ORTR [ < R-) 9N N R O .4.24 9990
2959 nmo R\ I ox

NN .ab ¢ R\ I 9aN ,a,b € R\ I >3 025w no3n pnwNa 1 PUNIN P2 )00
bER\NIWad R\IM>» .belwaclbSapy 5v noawninm ,ab € [
NPND R

a,b € R\InN,a,b¢ I onabe I or R\ 505935 m o N »wn Nroa
DYNo M ab e R\ I oy )25

DTV R D InDIn LD”IYNT 0N DONTND DD 1Y aon wn R o .4.25 9an

0 # > mdY 01NN R 199 nwNd ORDN {0}-v 1392 5aP3 PN P NN
2 € (2%) 199 NN MYRA XY (22) INTNI AN PN XY IR T € R
MNSY oINN R-v »on .z(axr — 1) = 0 9apn .z = az?-v 15 a € R 0»p M5

T TN MDD Laxr = 1R o # 0 on

Z N2 Sund ONYRI NN XD TN J X ,0ouRY [, J <9 R DX .4.26 DWW
INYRI PN 27 N 37 = 6Z 0N DAR ,OPNYNRI 0N 37 27, DORTNRN

INYNT NN R OV O0m0pNn ONTN DD 290N N R 0 .4.27 THYV

onn XN R/ 0992 om0 R0 01w X0 R/ R 090pn [ < RO .2ndwW
O] DNUNY [P0, mndv

INYUNT NN R SYoO0pn ONTN D N R o .(09T1D) 4.28 YhHYV

22



Prime avoidance

lemma

10 A, B < R ©n»p 99195 WX N 90PN [ < R 5 nDOWa 1) . DR0W
» MNY Op LA, B¢ I Yar AB C [-v

(A+I)(B+1)=AB+AI+IB+I*C 1

M, =R 5 RRCI YN ,A+1=B+1=RD5p poopn [-v »on
0 Balbpiakiviviablapiiaival

DR PN DR MYRY N7 X M < R Y9DDPY IRTR DTN 193 N3 .4.29 HPOY
R2C M

ND NI DAN O00pn NN 1 = 47 ONTRD R = 27 07 52 2n2a .4.30 At
R?2 C oo pnwuna

" =2-v Ton > 1 07p x € R 935 ORY NN 292N NN R O .4.31 9N
SO0PN NIN INYNT ONTN DI N

o) P R 2000 00PN SNTR M < RO pOVRI ORTR P < RO N
n>17y 2" =z ovpm . € M\ P 0»pw n2»owa moy (20D 0»p N15Na
Ay

r(z" ' —1)=a"—x=0€P

wo,leMpn vt —1e Moyixoan 2"t —1€ P niona b
P =M 20 .M 5% nvonopnd nno

P Py <R YD DOYPN AN R OY L(OPNUNRIND MPnnnnn nnd) 4.32 (Y
1<j<n Yy I CPiw P w3 mDw [ < RINDR DR DMVRY DIRDR
WD

201 KDY NN N, FP-n TAR GRA D0 PN [ ORY ,NDPYN NDDN NX N1 DN
P ard 7o IRY a € 1 92N NNONN T DY NG YY) .UZ. P, mroNa

ag € T\ P a1 € I\ P, YR DY DNINN 09Y . = 2 NIpna 2’nn
N3 199 DY Py U Po-Y 7oV IPRY TN NNIND N ,as ¢ P W a; ¢ P DN
oAy a1 +ay € P X IN P, QNa RO DAN a1 +as € [ 20 .a; € P 0D
DPNO NY ag = (a1 + az) —ay € P-v

OV TINN G2 9O IR 1 PSPYTYRD DNIN 280 . DY TPSPITYRD YD)
AN P, B-n ORI — 1

a; € I\| P
i

TV a = a1Qs . . . Gyp_1 + Gy IDNRD DR NP2 .a; € P; 2D mINY 90 ,0Mpn md
P,-v »om ,aqa5...0,1 € P, N ,a € P, DX "N .UiPi TIPNRD N N ,[-D
A <n—17Ya € PN .0now )nvod e < n—172aya; € P, 5ap) mmuny
Il PN W RY La, € P 92y IR

23



INY VYN NNV .OPNVYNRIND MPRNNNN NNO OY MAT MNRDD PV .4.33 WD

1, J,Py,..., P, <DOORTN) 090 NN NIMON E C R NNAP~NN NNV M) NN

ND NI IN IRD DONRTND 1D TANR G2 NYOM NPNX F oX .0»0wNrY P, 9WRd R
DTN NOOMN

MWININ DN S

O”IVRY BN 5.1

Prime ring JAB = 0 on»pnn A, B <t R DORTN Y Y59 DR MWRY XY R 0N .5.1 N0
B=0WA=01w

,LOOND DNVN DONTR MDY D3 DV NY95NN DX ONYNI NI DN ,01PY 19N
LDONND NNV

azxb # 0w 3D € Ry 0# a,b € R 9% DR W DR MWVRY R .5.2 voup
MYRY KD TN 7D .5.3 voun
DY BTIND KN DR PN DR MYKY RID YN NN 5.4 0OUY

oY OINN XN Z(R) 1IMNY NI ONUNI DN R > L5.5 9990

199 AB =0-v 12 A, B < Z(R) »iv 2920 Z(R)-v »91 5.4 DIVYN Y NNO
AR = 0 93p R v nvawrnym . ARBR = ABR =0 ovpnm AR, BR < R
D) NN 199 PRI Z(R) 995 B =0 A =01 opon xom ,BR = 0N

Jmov onn

NON NIAPNN NN 1DI90 .MNOY DINN XN NTY DY INNNY 725 1R .5.6 9990
DNYNT IPRY DIVA NN DY NN INYD 299N

S INN~NN NN T-2 Y900 ,0wa N XN R = My(F) & .nTv F o o
DYONTIND N9 1 MNMYNT XY NN TN . R-2 nrdHy npvdivn myIvn

0 * ¥ %
=) =(0)
LOOND OV 121D 0N TN L,UANR NN

Semiprime 190 # 1 < RONTR 0”9 KD OX DINVT? MYRY XIPY R NN .()n2nn) 5.7 99990
MUNI NN NN R/ P DX N8PND mIWNY KPR nwod ana P 9NN 12 = 0-v
NaNip)al

INNNYD INYRT ONTIN NID YN ONTN DD 90 no .1

N ,[2 C P on,] < RONTN 925 OX P ON N8AND MUNI P oo nomn .2
ICP

24



Localization

Local ring

2VN PYON DX P NN 1D PYURIN DR I VN PYDNY MR DP WD
MYRI R/ P 399 ,n8nno snwrd P oo nodd .ppyavn nbonn ¢: R — R/P »nn
,LODOMMAN N o NN ya) J2 C P ovpnn I < R SNDR O .a8nnd
D oy ,R/P 5w nsnnd nvawxam L(p(1))* = 0 quua p(I) < R/P 199
I C Py ,pl)=0

195 .NNNNY MNUNRI RO R/ P 1991 ,n¥nnd mwNd X9 P 2D no3 ,71ann ol
(p™1(1))> Covpn o 1(I) <« R98PRN I2 = 0-w 150 # I < R/P Y8R D7
Drnow e Y1) € P Yax P

NM DI 5.2

0»PNRn ANaAp-NN S C R onm nn R o 5.8 19130
ADAN PPYNN NY MYD) 070N 0N S NN DD L
2935 No S .2
SCZ(R) .3
18§ .4

NN STIR-1 0oy 071917 DN YW 1D 990 TRMINTIN NN S :D9na
NN NNN S X R 5v MmY»pwn mponn nsiap

(s,7) ~ (',7") & rs’ = s

MNAM 9950 Moys oy T ,STIR nvapn 2-2(s,7) OW NPoNKnn NN J0ON
.S=3 R 5% DD NIpan N NN, R-n 0avd "mynany”

MR NN NOW NN (1) = F09Y o0 R — STIR »ya0 ovammmn v 5.9 Ty
NN fr R — T DRV NN D1 DY DPODIDNRD MIDNN .00 DIRY S
g: STIR — T v ovammmin 07p X, f(S) C T%-v 75 NN H¥ 0Pammin

J=gow-v >
oM ,2955 NN S-Y MWATN DY N0 1123 ,S NNAPNTRNN MYITL 510 DI
oY 927 1YY 9N LS DY 195N MDD DN DVTIN N O N L1 € S

D S C Z(R) nwAaTh D) IR L0790 DN D)

15 mv SR =Z[1] w .S = {3¥|keN} R = Z 1 511 ot

3
N PYMIY 290 VNN PN T — 312V ¢: Zlz] — Z [3] nasnn ovammmny
Bz — 1+ 05wnd om0

DPOPN INTN 1D ¥ DN PY NN NINY DN 29N 0N R o 5,12 99710
e t1al)

25



Fraction field, or

field of quotients

Ly = S7YZ nnm 9935 N0 S = Z \ pZ 1R NN p € Z o7y .5.13 DNt
M= pZpy NN DY TN DD0PNN INTRD 2P NN NN

DPANDIONN) NTY NN Zyyy /M = Z/pZ NS IWAR PO0PN M- MNID T
VY OIPPN DY 2IWND VAN INX ,MNOY OINND NN R AUND .0ONIPIV IN0XD RO
NN DY 2IWNY 9P NP 1Y L(5.16 NITHIN NI R Yv ©1avn NTva ownd SR
N¥2PN MN2

Lipy = {% EQ‘pr}
nlz{%éf@‘Mmpr}

ON Zgy \ m-1 DIDRN DD DY, TN 00PN ONTRD NN m-v MNID Op
Rapeilaly

2DIPN NN NN YA k-1 NN p Ny Z/ptZ nnn .5.14 At

VY 0222910 RON DIDNRN NP DN P71 OX MMIPN NIN NN L(NR¥INNND) 5.15 HYD
ONTIN NN

NI X .z € R\ m 0> .m »D0opn SNTR DY MMPHn 1N XN R D N2) .onow
M- NNYY OHDIOPN ORTN DMV () INTR NP 2 NINN DY TN &
NN INTN DI N INTNR NN [ 092290 KON DIDNRD NXIAPY N2 VN PN1O2
ONTN [ 195 0290 DN O2ON NY OONTN D ,[-1 55m nvnd a»n R Sv
[l i tiatirlatlvipla!

N7 D SR oypnn S = R\ {0} My .mmdv oinn R o .5.16 7910
R 99 DM3wD DTY NIPIN

Z 9% ©avn nTv N0 Q .5.17 et

NPLIPNIN NPXPNON DTV NN Fz] v ©1avn nTv .nTv F o L5.18 nnnt

f(x) ‘
Fa:):{— f,g € Flx],g #0
( 9(x) )
TIRTR W TMHTPY NY P HORMD 7Y 917D .5.19 vovn

{J<ST'R} {I<R|INS=0o}
ST 1
J— JNR

9y YN STH T doRnan A

PN R J = J N R YR 2

26



OMYRY DIIRTR? DY MBIBPD IR D31 IWRD DY N 1IRD HINYOD D

19 ST San pnwNd R [y € {T < R|INS =} 12w a8 o1 .5.20 YD
S = {2’“ \ k e N} NN N2 TIUND PNYRI PN 6Z <1 Z SvnY .STIR-1 WK
STZ-2 mwna nn STLH6Z) = STH(3Z) w

S =R\ P X onWNI ONTR P < R oo ,mmdv onn R o .5.21 09130
SNTRAY MPN NNt .P-3 R 99 oo X9 Rp = S~IR »nn 9955 no
PRp = S™1P nn 19V »o0pnn

Ly PN NNN 2APNN INWNI 1900 p MY P = pZ R = 7 .5.22 "t

P = (r—a) a € Ry ,R = Rolz] y293 .nmbdv onn Ry > .5.23 Hnnt
MPNN NNN PP IR LS = R\ P

5B = Rolelen = {L] s 0- )}

DONRTNA MY [p, Jp D0 .OORDNR [, J < R v poon nn R o .5.24 9990
MNYNI ONTIN D25 DRV NN INUNIONTN P < R 9WND ,Rp D102 O0NNNN
d=JwW ,[p=Jp O”pm P

o»pY Moo, [ gz J 5 N55wa no) 57N LFNYITIT N9ON NIRYD INT INRD INNO
ONRTNA MAM x €1\ J

(J:x)={reR|rxe J}

J Cooad vy mNd J ON MINY NN DNDY ONTN T NND 0020 DNNY INT
Iy = Jy nnann 0ad L(J D x) DR 900w 9opnn ORTRD M o (T )

oapn yrx = j Y0 o € R\ M,j € Jmy § = % MOd T € Jy 1PN

IC TP re R\M-vionynonw re(J:z)C M
LD”O0PN OONTRY P NI Ip = Jp MNINNY T2 PONDNY IVIARY 10 Y

WY DNIN 6

DINPY DIRID DWROND INDN NN R D (NXRNINNN) 6.1 VOUD
SOWPY NN RN R A
IRTRRID DIDOD KD DMIIRD GO .2
ONbLOWPONaW a+b=1o ,a,be RMDY 3

00 1 — 2 W ON 2-9 DYDY 7 € R 999 R MDY WN3 .6.2 HPOY

27



DIRMIMO K7 DOOIVIODTR PR IIPY NN .6.3 MHPDY

92PN ,e(l —e) = 0199 ,e = €2 WX .IVMTN 0 # e € R 125va N2 . andW
LI .anTpn Mpond NPno 1w (DN YPONN DN D) DO RY 1 — e D) e DIV

NN R/m™ »nn n € N mayw o LR N2 »0opn ORDN m O .6.4 9990
m/m” O9oPn HNTN DY MPN NN

M2y I/m” 08N 2 NN R/m™ Hv 90091 ORTN DI ,NNNRNNN VAYNA 290 NN
D) NI N O0pn 1-v »an D 1y .m” NN 9onn I < R O0opn ONTN
MWD L =m 3P0 o opn m oax .m C [-v Dapy m” C 1 nninnm 125 OWR)

m/m”"-5 V19 R/m"-1 07900pn DONTN PR

TPONMIDN MINN 2D 7119) OOPN ORDN (x) < Flx] N nTv F o .6.5 nnnt
VY YOPNN ORDNM 1 € N 935 mipn nwn Flz]/ () »nn 395 .(0Ted
aF[z]/ (™) »n

{z,y) < Flx,y] "90pnn ORTRIND DNN DPMIPND DNNN NN 1IRD

P[]/ (22 — 1) = Flz]/ (2%) orn .2-n W onnn nTY F o 6.6 9390

(z4+1)—(z—1)=2-vyon (22— 1) = (z+ 1) (z — 1) »> 25 W1 NS MO
.DYYOPNTIP DONTN 0N YN MWD (v + 1) + (z — 1) = Flz] v~ 790 wn
b

(x+D{x—-1)=(x+1)N{z—-1)

2apn
Flz]/ {2 = 1) 2 F[z]/ {(z + 1) N (x — 1)) = F[z]/ (x + 1)x F[z]/ (x — 1) & FxF

F x {0} 0 07om0pn OONTR W 10 W o0 omipn N XY ONTIA NNV
A0} x F-1

Flz]/ (2™)-2 ©23°900 DIRN DX INSD L(102Y) 6.7 9390

0”919 OV N 6.1

Formal Laurent  ©21207 92 NN 9915 R((z)) BMHWOD YW? W0 N .onn R O .6.8 NN

series N DOwaIn .a; € R-Yywvoo n € N may Z;’i_n ;' DPINNON DYNDINN
Formal power THYIDINO PN YN0 DU NN~NN ¥ DT NIND .DMIPDAN NN MM Ao M N
series 1N Yan RN on 0790 mpin v n¥apd LY e’ 0o Y9N R[]

125597259 XY NN 995N nHvo

WK 9AR (R[z]-2 2315 nwn) Toan N0 1 — z 2RD R[[z]] 2012 .6.9 nont
DTV PR R[[z]] 99 .pan

10”9079 DNV MN DY N8P Ty MN )0t ¥ ONX

28



2 NN DY ONTR 95 oWrRIY DN NN D[z]] N ,p2n a0 N D DX .6.10 D0t
H[[z]] Svn5 .ORTN2 DK Sv HrNn AT 292 1na) {0} N (™) N
9PN IPRY OUNRI NN NI

Valuation NIV DWW DTN I 1D TR, NI MAT PR R((2)) Yv ©1RD L6.11 AN
99 MmN v: R((z)) = Z U {oco} mspna

v(0) = oo, v (Z aixi> = min {i|a; # 0}

i=—n

ox .u(f-g) >v(f)+v(g) onu(f+g) > min{v(f),v(g)} D7pIN .6.12 HYV
o(f-g)=ov(f)+v(g) v v ,onn XN R

N F((x)) w8 ,nT7w 0 F ox .onn N0 R((x)) 8 ,00nn R DX .6.13 2HYV
DTV

TV OV NIPND PPN NN P IR DNW

0+# f(z) = Z ar' =2 (a_p+a_ppr+...) =2 "g(x)
Ton g(x) 99 .0 # a_p, € F N0 g(x) v owann oTpnm u(f) = —n IwNd
O pan f(z) 991, o0 7™ qoma

20 Y .DMYS NN DPONND DNV NN DY 17AN DY INND N2 L6.14 WD
,079MON NN NwYnd) Flzlly] = Fly|[z] o7pnn 0my%s minay Tiyav
SVnd .0DaNDN OI12T 0NV NN L(TON DOYNY DIAN

Fllllly] ¢ Fllllll € Fll2lllly]] ¢ Flvll((2) ¢ F(@)[y]] ¢ F((2)((y)

F(z,y) € F((x)((y)) 9ar , F[[z, y]] ov ©2awvn nTv N0 F((z,y)) ann qona
RN NP NINND IWAN TOD 720N

&
B
=,
N

NN M NN P <8 R ONYRD OXRTN 5OV NN 29N N R o L6.15 990
Q < R[z]] »»¥x1 YNTR My RN Q

130N 299 MMYNI NN Q-¥ MNIY WK .Q = (P, z) NN M2 P May o

R[[z]]/Q = R/P

29


https://mathoverflow.net/questions/34010/explicit-elements-of-kxy-setminus-kx-y

MOV MIND Dyn DI NN 6.2

DN a, b € R v ,mndv onn X0 R o0 min prsn May
Divides ak =b-v 79 k € R 07p ONX ,alb 290 ,b AR PIMY a-¥ NI .6.16 N1
Q-2 3|4 nxt noyo 314 Yan 2|4 ovpnn Z-1 .6.17 DNt

x YV 01PNV omyNan v S C Fz] »Nn~nna yan .nTv F oo .6.18 HnnT
WM AT + - - + apx? + ag NNYN PO DY 0N 12 DIDRN YD) 0 XN
Flxl-a 2223 9an 2% 1 23 ow (o0 my

,Rb C Ra DX PN DN alb :DONRTNRY NPIONN DN P2 PITH WP ¥ .6.19 DI
.ak =b v

Equivalentupto  .@ ~ b NN Y20 B3N b-) @ 7 NI ,bla ON a|b OX .a,b € R v .6.20 N9710
multiplication by 2PV DN NI MIINN DNYY NIOIND OYTY DNNY INT

a unit

T O DY MNON o
.Ra=RbOR pmOX a~boO»pnm .1

a=bu-v P u€E R op ONpNONa~bIN .a,be R\ {0} rmn .2
b(1 —mk) = 0w .bmk = b Yapn 28 bm = a oM ak = b >INY 10D
a=m € R* N2 wan nyd .mk = 11X ,b # 0-y mndv onn R-v N

Ra=RONPMOX PO a OX PN ON a ~ 1,079 .3

Flz] \Z[i] ,Z ©0nn2 02900 DR INSND .6.21 9990
(Flz])* = F* = wwyw 93095 Fz] 2na .o>an {—1,1} p7 Z »na no

F\ {0}

99 NN a + bi VRN OV N: Z[i] — NU {0} 2o w3 yany Z[i] May
N(a+ bi) = (a + bi)(a — bi) = a* + b*

D L0ad NPNA w DY Z[] »nnnn S8 C-n nann Sv ooy e
N(aB) =99 .af = 1-v 10 o> a,f € Zi] viv .N(a)N(B) = N(ap)
92p) , 0720V RO DYV DIaDN PO NYIAPN M NN NnMNY Yo N(1) =1
N(a) = nxnwnd oprn nnmnon .o = a+bi md N(a) = N(B) =1
ona+bv =1

(a=0,b==+1)V(a==%,0=0)

£1, 40 P71 on Z[i] »na o000 02NN I

30



Q[vVD] = {a + bV D ‘ a,be Q} NTYN MY 0NV OWAIN D € Z o .6.22 191N

Ring of integers NPNS VY DIV NN NIXR DTN
O — Z[vD], D=23 (mod4)
ZI%YD) D=1 (mod 4)
Norm AW NN & = a4 by D TR 999 P oMV WN D € Z > .6.23 DTN

9O N: Op > Z
N(a) = aa = <a+b\/5> (a—b\/ﬁ)

NPVIPYD MNDONN J2 NN .2ADINN TINKD NN RO NN Q@ PIINPRNIY 29 1V
2 =008 pNoX N(z) =0 ,N(zy) = N(x)N(y) :mm dv

Pell’s equation NNNN I DPOIVT INNYD 99 NN 99 IRWWY .6.24 DY
v — Dy’ =1

W ARNYND WD PN OYA0 D AWUROY NN INDD o KD 0OV D IWUNRD
MN’AY IWPN NN 707227 DXIOY ONNA NNIND VPN NN .ONOY MNIN NOIN
7225wWn 1avo v D

D > 00 J(52arn NVIPYIPDT DY DI MTYD NOPT VAVYN) 6.25 YYa
MY Eaf NNNN I NN PN DN DOV IO a9 € Op DYP IR .OWNDIN PYNN
NN DOV TN e Z

DIV VN .99 NRNWNY NN o =d’ + VD o = a+bvD v .1
aa’ = (ad' + DbY) + (ab + a'b) VD

NMIANTNN NIN 29 IRNYND MNINN QOIRY IPPON D9 INNWND PNINS NN
Op v

b>00na>00Na>00 9N .2
ad a4+ o >0 0 W a0 >0 DRY ININ

a—a >00Na>a »ImN o> a,a > 0000 .3
a>a ON PN ON D > ON PN ON a > a'-v DN

> dam > 0000 D aNnwnY MmN a > o > 0N 4

MY o NN P NIN D9 INNWND PN DOV 1D ap € Op DPPY NN .5
£ >0 PINg 0Py N0V TITA NI oY ap > 01IN2 01 n € Z
.y DY NN IINY

31



JPAPA NOIPDAPDT DY DI MTYH N9PT VOYH NNMN NN MWD .6
O3 = Z[\/3] 5v D800 95 NX INYN .6.26 39N

MO .a = 2,b =1 NN a® — 3b% = £1 DNNYNN DY OPNHN PINDN NN
M2y tag P 0N Oz DY 9NN DIDNRN YD NIPT VAVYN 9D .ap = 2+ V3
amn ez

.O_3-2 02900 NN N8N D = —3 May .6.27 290

6.21 2>y In5 T PN W = Y8 oy .0 = Z[HYZE) faman veb ane

WD DIW AN AYN) o = a + bw € Z[FY=E] An Hw nnana myy Z[i] may
P20V ND 0OV 1901 NN NN

1. /= 1. /= 1.\?
N(a) = (a+ S0+ 3bi) (a+ 5t 362’) = (a+ 5b) +§ZP = a’+ab+b’

2 2

N0 Op Sy x| Z[VD] Yy ©ndw o1y nHapn Pon nnanny NN 90n)
TON a-¥ MINIY IWIN NS 03 (D =1 (mod 4) DX P DX DNOY DIIY YAPN
N8 O MY LN (a) > 1199302 > 3 [b] > 2 o .N(a) =1 bx P DX
NI5M2 N ,b-) @ NaSNNA MO a? + ab + b*-v Man |b] < 1 vinT) Ton AN

on a? + ab + b* = 1 nxNwnd PPN MNINaN La| < 1 o)

(a=0,b==41)V(a=%+1,b=0)V(a=+1b=T1)
A1 tw, £(1 — w) pr on O_3 1N2 29NN DIDNRD IO

P ON alb 0PN a # 0 NAY IN,MNOY MMINNA DPOIY DRY 9N .6.28 THYV
N9V (107pY) R YW 01avn NTva naving ININRD nYoomn ba ! € R DN
.DI72WN NTYO N1DWN DY DXTAY NDRY 7O DPTPTN

Z-1 Pon K9 2-v 09 5y ar 4271 € Z 135 2|4 0pnn Z N2 .6.29 Dot
2 4+ /5|7 4+ /5 orpnn Z[VE] ana it yoNa

(7+\/3> (2+\/3>_1: <7+\/5) (—2+\/5) = —9+5V5 € Z[V5]

WAV SN 7

AWND @ = au-u -2 MNSY 0NN 0 # a € R AN PIaY AWaN TN L7.1 79710
DONMPIV DIV NIPI MDD 1P LA YN u € RX
Irreducible JONNPIV ND DIV 1D PR OX PO R NN AN XY 0 # a € R 92KV DN

102V DINIAN ONIND 7.2 THYYV

32



90N a 1
a~YyINa~ZIN,a=cy OX .2
SO Y N TON x IN ,a = 2y ON .3
AN x Wa~x N ,0o—=12y ON 4
TNz W a~ N, x|la DR .5

f(z), g(x) € Dp»p NOW T 29Y P1TA0 HP .19 R NNz € Flz] 7.3 ot
= f(z) - g(zx)-v 75 o290 K F[z]

9N R[z]-2 279 N N0 22 + 1 ARD (DRI NN PR NYTS WD 7.4 N7
Clz]-2 po

NN, NN NNIYD L(ND9DN WNID I1D)) Z-2 9239 0K NIN MNIYNRD 1901 DD L7.5 Iy
Zli]-a o»an ovn 144, 1 —i-w wxM 2 = (1 +4)(1 — ) »d 19 2 € Z[i]

NNYY TN D 20 PHNIV TONY MP>I9a PN ,PIPN NN IN ,NTYA 7.6 DD
AN NI DOND

9N @Y INDIN .g ~ p O 9N p € RO 7.7 990

NN g = bc MY . = up-Y T u € R* 0»p ,MI2NN DN’ 5¥ NMNDNNIN INNO
aYN) 0’2290 ¢ X b-v MNIND

p=utg=(u'b)-c

w”lh MINN DM [, PON ¢ DX .01 ¢ N u”th-w 9ap) 279 N p-v 2)om)
.02°97 DIDN NN ToN b = u - u”tb-w 9apn Ton

Op-2 7an z-v /pon Z-2 N(z)|N(y) W) ,Op-2 x|y ORY N 7.8 9990
N(x) =41 oxr p7 DX

199 .c € Op My y = xc P9 x|y PN .NNNIN NPYAON THN VYND NN
N(y) = N(wc) = N(z)N(c)

N(@)N(z™') =115 zz ' =1-v 10 27! o»p x o0 x ox N (x)|N(y) 199
=47 MY 2 T=+1W ,N(z)==+10x .N(x) € Z>» N(z) =+1 1
T 9V 090N NN

P9 N a NP9 N N(a) orv o0 .a € Op 0 7.9 9990

NI N, Z-2 99 R N(a)-v »an .N(a) = N(z)N(y) *R .a = zy n3 ZWino
0290 y Nz PN ,+1 o0 N(y) wW N(x) 19 0599 >N IXR) INURI 1900
P29 N @ MDD

33



Prime

NN IR N (a) 1y P19 ) a € Op IPRS IHNT NN .7.10 9990

DpIaNa =4+ 10 € Oy9 = Z[V10]-v "N .D = 10 9n2) N9
D290 NY z,y-v N2Hva o .6 = N(a) = N(z)N(y) »N .a = zy
N ,c+ dv10 € Oy o N(z) € {£2,£3} nwynd w ,N(z) # £1 125

N(c+dV10) = - 10> =k € Z

{0,1,4,5,6,9} on 10 »71m o0 . = k(mod10) 5apn 10 ¥»Tmn awn)
O10-2 M5 .k # £2, 43 N~ ,10 1977 D12 01N 2,3, 7, 8-v 190v 215 W)
LTON ND x-¥ TO0 NPNO N .2, £3 NN DIDN PR

PN 2D DP9 8 0N N(3) = 9.1 N(2) = 4 ,N(2 ++/10) = —6 nmT 1982
D90 3+ 1/10-v 29 wrw . £2, +3 nmn o1N

PN a=1+4++/=5¢€ O_5 =7 [/=5]-v mwxn .7.11 90

D290 N x,y-¥ N2Oowa ) .6 = N(a) = N(z)N(y) ®X .a = zy m3 Mno
plalk)

N(z)=2,N(y)=3 VvV N(z)=3,N(y)=2
MIWNY 9 N (c+dy/=5) = ¢+ 5d°% »n 195w npr O_5-1 MINNY 290
DN DI DYY MNIDN 51970 2WnD 1%)) Dndwa NN PN ¢ + 5d? = 2,3
OPNO (4 1 P

YT OY AN ROW ORTN OPPY MDD DUNI DN PR Z[y/—5] 2 10N .7.12 9090
TN 2N

2a+4(14++/=b)b € . [0 RN NNN . = <2, 1+ \/—5> N N MNO
N DY NN INYOD YN T

N(2a + (1 + v/—=5)b) = 4aa + 2 ((1 +/=5)ba + (1 + \/—_5)ba> + 6bb

oop R I = (m) 3 N T D5 1 ¢ 19D 2-2 nphnnn THn R
-v 15 ¢, d € Z[\/—D]
ecm =2, dn=1++V-5

=F)

N(¢)N(m) =4, N(d)N(m)==6
DIDN PRYIPNI OTIPN 90N N (m) € {1,2} 1m95 N (m)|4, 6-v H2p) 1NN
(m) = Z[\/=5] # I 9ap» pan m Mmv> N(m) =1 991 ,Z[\/—5]-2 2 mmm
NP0 Y

W pla-v M plab ONY PN KO p OR MYRY X1 0 # p € R AN .7.13 D910
.a,b € R 935 plb

34



P29 OR NIN MNMYUNI IDNR DD L7.14 DN

D90 NI a,b MY p = ab IN . PIAIM NWRY 0 £ p € R nDHVA N3 Mo
P9 .a = pe-v IO ¢ € R o”p Y5 pla 03 "N noan plab 1Y .0nwH>
onn R M) be = 1-w Yapy p # 0-v »am p(1 — ¢b) = 0 335 ,p = ab = pcb

o0 RY b-v 729 NPND L(MndY

R/pp DN P DN MNWNI ORDN Rp DX PN DN MIWNIY AN p € R .7.15 D
NSy 0NN

INWRD NN 1 44 € Z[i] 22 WD .7.16 9990

YD .P2ADN Mt ANINRD NIYNN 299 Mo 0NN NN Zi/ (144 05 191 WO
77 T =z + (1 4 7)-2 NmY myaon NovNA z € Z[i] 7R NHNN NN

a+bi—(a—b)=b+biec(l+1)
QDN .0YVW 79D NINY PN W MINA NN APINN 939 9D .a + bi = a — b 19N
NA+d) =1+ (1—i)=2¢€ (1+1i)
=p)

Zil/aviy ={a+bi+ (1+1i)|a,b € Z} = {a—b|a,b € Z}
= {(a —b) (mod?2) ’a,b C Z} ={0,1} =2/

PNUND 2 € Z Hvnd 0N 19N AR NPIYRI ,MITINN INY N .7.17 WD
2NUNT RO D) 199,09 2 € Z[i] N

3 € Z[V10] » 1r7 H5uns .0PIURT DYRY P19 N DIDN DIV L7.18 HNnT
515 DWW ONYNI KD NINY NN P29 N

316 = (4+ V10) (4 - VI0)

M2y (4 + \/10) = 3 OX M9 .M wn 4+ /10 IR POAN KXY 3 YN
W, € Z[V10]

6 = N(4+10) = N(3)N(a) = 9N (a)
NPNo ww N(a) = § € Z Sapn

ZIVD)/1 %5190 Y20 1901 9090 0 # [ <1 Z[v/ D] SRR 95% 100N .7.19 99390
MO

35



" T8 N(a) =a? — DV € Z IR T80 . = a + bV/D € 1 o
N(a) = (a—i—b\/E) (a—b@) el
W k= N(a) 90

ZIVD)/1 = {a +bVD+ 1

abeZt=3a+bWD+1[0<ab<k
b1 | J

P90 MY 0NN ZVDl/E N pnwra 0 #£ 1 <1 Z[v/ D] B 19300 10 Mpon
2O°0PN NN 1 DD .NTVA A2ITN 1O

NOOOMN D9 NRNYN DY MNINAN QOIN DY IO Y DN :NAVNND NORY
w2 - Dy’ =k

ONURA DR NN 2% + 2 € Z[z] 23 1m0 .7.20 90

¢ © Zlz] — masnn ovommmn Ny Zil/(a242) = Z[\/=2] » mon e
AN 9apn (22 +2) prTa 0 pynn L f(V=2)-5 f(z) nx nown Z[v/ =2
JIYUNRIN DV NMIPRA VAYN 199 VITTA OV NN

15 .Y 0NN AT N L0 MY PI NDONIM Z[v/—2]-2 nnInnv »on
ONUNA 22 4 2 1991 WNA NN (22 4 2) ONTND

MNY JNINn 8

Atomic domain N DM MV 079 0 # a € R 935 DN MMOKR XIP) R Mndy 0NN .8.1 N1
Ruiipiah)

20 (P Y9X2) F DTY D90 Z :DPNLR DN NN DY NYwI N L8.2 NINT
L[z Flz] ,Op 07127 015w 2N

1229NX) ;TN NIONA XD NN MMOLNX DINNA DP9 PN DNIND 1PN .8.3 XY
0PN Z[v/—T7] Mn2 Svnd (DIDN IN) MIAP NIDND KD NN 21PN Y TIND
DP9 N DN DNV DPIV NIV DNY ,(1 +/=T7) (1 —V=7)=2-2.2

NNN HYNY IMLN NIN MNOY DN DD KO (NNNINNIN) 8.4 PNNNT

R = {Z a;z%

finite

aiEZ,OSbiEQ}

.D»90 0N DYY DMIDDN IYND

36



0 <re Q53 .mmdv 0INN NINY) 292N N NIN R-¥ MINID OP DN MNP
0PI L(R-2 )XY 277 NN 2D9NN) TON RO NN D I9 NN 27 € R YIND
TN N 272 T Yoy ot = a7/2 - a2
MY 2" NNNN I NN a N LT OV OTPHNN PONN NI o € R DRY IR
NNNN ) OPR G- @ AWRI OVPOWIV R pva Nz =af 0 <r <1
S(r < 1 n7502) "Oo00pn r May 7 NPNN DX af N9950010 NN 1N N
PN PNN VAN ;7 = 2177 0 9ap) SwaIn DTPN W =Y WUND = 27y YapH
PO -9 PN DD DTN M LK ORNDY PR DN,z = 0 DDND TYUNRD DINNN

O INION PN R-Y INOMY 279 N
Unique oV P NY HO3 OX (7AN) DM PN BINN XIP> R IMLN NN .8.5 N9 1N
factorization AN NN
domain (UFD) a=upy...pPr =041 ...4qs

Di ~ Go(i)~VY T2 DP9 NN DNINN oV g NN NP ,r = 5 DMIPPN DIINND

6=23=(4+10) (4 — V10) Y29 ,n P Mp>19 DINN WX Z[/10] 201 .8.6 Mt
DY DIV DMIDNIY NIDIND INY) D719 N DN D119 DXINN 2D 1PN
NN 2NN ANDINY P Nt .Dan KO

DN PO DN KD WRY DIND 70 .8.7 VOVY
SURY WX Z[V10] 31D .8.8 HpOY
290DV IRTR (@) BR PN DR PO W @ € R WX HURY DIDY R ) .8.9 vown

IO O K b DY IR PWRY R-w Mov (@) < T <G R P9 OR @ N DN
C MR PO W =) PO KY b-v WOV .a = be-w D ¢ € R o™y Y wd ] = (b)-v
I =(b) = (a) Y o0
Aa)y C(by < RY% .bla = 3O0 W2 b N3y a = be DR 29WDPY (@) D ™M NYd
WDV 37 YW PO W a-W WIW a ~ b 7 (a) = (b) IR DIDDYPY a-v HOD
[l DURY R R DU BINAY AIND? THS DO K7 ™D

IMYRY NI DR PN DR PO R p € R IR DURY DIV 12 ) .8.10 vovy

90 TN LPPI9 ON P D M) LPI9 ON NI VR DD MOV DINN ;MO DN
O 2NVURI AN P 199 PNVURD ORTN (p) 1991 )oopn (p) 07PN VaVYNN

ORY VN p { D-v 72 D € Z >0 23 ON ONWUKRI DN p o L8.11 90N
NNYND
=D (mod p)

P # Py omNy OONTPR M1y (p) = PP, 09pnn Z[VD] a3t nns v

37



Quadratic NI @ M) .p T IOIV3N IMRY D-5 XIAPY ,2%90 NAND PINS ¥ DX INNO
residue DM D NN <p, a + \/D> <p, a— D> DYNTRN NY9ON YD TN . PNIND

clp2+02p<a+\/5>—l—03p<a—\/B>+c4<a+\/5> (a—@)

MY N595NN 197

<p’a+@> <p’a_\/5> = (p) <p,a+\/5,a—\/ﬁ “2;D>

M5 NPNo wY p|D 199 pla® W pla DX (p) MY P> IRY MININD NN
199 .ged(2a,p) = 1 199 2a = (a — \/5) + (a + \/5) -v a2y ow pfa

2_D
1:gcd(2a,p)€<p,a+vD,a—vD,a >
p

,<p,a+ \/5> <p,a — \/5> = (p) Wop Z[V/D] 95 N MmN HNTNRA 9D
2a,p € IR ,DNY PN ON D LNV 0N ONNY PRI DONXTNRND NND PNRIY IMN

(p) = Z[/D] 99 ,<p, a+ \/E> = Z[V/D] 92py 9w omxm ,<p, a+ \/5>
NPND NY

nmppn d @ R — N U {0, —co} mspna .nmmdv onn R >0 .8.12 09130
Euclidean DX VTIPIR SPNS NRIPY & # 0 935 d(0) < d(z)

function

Adry<db)ona=qgb+r-vw 13 q,r € Rommp a®nb#09%Y .1
.alb 939 d(a) < d(b) 2

Euclidean STIPIR TINN NINY NI LR NAY 1D 7ONPNS NP ON

domain

999 d(z) = 1 T3 VIV LORIPIV 1IN PTOPIN DIND NI NTY 9D .8.13 Nt

x#0
AN Ld(a+bi) = a® + b N nrspna oy pToPIR N0 Oy = Zi] 00
JOTOPIN NN DNOY NN nrspnay Op 07127 00O on 21 prTa v

DIONY IR APINY DVND g WRD [, g € R[z] vV 09N N R Y L8.14 vowy
deg(r) < deg(g) ®» f =gq+7r-v 3> r,q € R[x]

DURY TN XD YTHPIR BIDN 7D .8.15 vovn

M d(b) =min{d(c)|0Fcel}-w0#belnp) .0#1 <R HMOW
1921 ,(NP5ND NPND N NINNK) 1-2 NN IR 9 PONN b-v 52P) N TOPIND
] 1 = (b)

38



ON P ONOTOPIN Op 2N D < 0 May .8.16 It
De{-1,-2,-3,-7,—11}

WRY OUNY 0NN X0 Op NN IPTOPIN NN DNRINN DIYNPNS 19N DIpna
.D € {-19,—43,—67,—163} ox p OX D < 0 M2y »TOPIN

JTOPIN DINN PN Z[x] INNY NN .8.17 09N

199 DUNI IR (2, ) INTRN ,OWND DURI IR Zlz] 05 DYTY 92D DRI NN
ITOPIN KD 03 Z|x]

Oy NPIYN NNYP NN KD 2D 2IPTOPIN NPR DIPNAN SV MITTH NONPNS NN
72107 PONN PN 22 DONTO APINN PR PONNN AYRD ANV NN MHITH IIRY
. NN

2TOPIR 0NN F[z]]-w woon nTv F o 8,18 9990
N29YNN NONPNNL YNNYI NN

d (Z anx"> = min{i|a; # 0}

n=0

fog € Mmy d(fg) = d(f) +d(g) > d(f) > MR 5P .PTHPIN NNY IRIN
DaNND onvn F[z]]

A(r) <d(g) on f=qg+r-v 72 r,q € F[z]] vwv mxInd v g # 0 non
4=07r=fnd(f) <d(g) ox

WNY f = 2"fy .9 = 2"g 99 m = d(f) > d(g) = n 993 ,NINN
2N d 19 1= 0.1 ¢ = 2™ gy L fo N 0290 fo, go 199 .d(fo) = d(go) =0
JOTOPIN 8PN

d(a) = DN P ONX AN G-V VN I TOPIN DINNA YN a € R >y .8.19 99N
A(1)

9510 792 .d(1) < d(a) 99 1la on d(a) < d(1) 199 a|l W, 790 a DX WM
d(a) =d(1)

or .d(r) < d(a) =d(1) My 1 = ga +r 0w Y51 X ,d(a) = d(1) or
o a9 ,a ~ 13199 (d(1) < d(r) »2) nvno Yapyr £ 0

WIUN YN 9

DMPNY YW M9 X 9.1

99 W 2R > 1w DV f(z) € Flz] ™ [ )tw F sy 9.1 vowy
L3 DY DWW 1 WD

39



W 22 4 2 01999 SUnd ATV IR F AUND 1103 1IN DY 0awnn 9.2 Dyn
ZJ6Z N2 mNINg NyaIN

BR PN DX f(c) =0 .f(z) € R[x]-Y ¢ € R YN DOYPN an R S .9.3 voun
Rlz]> (z — )| f(x)

PR f(z) W3 W 2 200 DN f(x) € Flz] Y™ v F o 9.4 vovn
F-3 VW Y7 PR DR PY DR

TVNOD 2WD7 AN TIN3) TZYDY TIOMNOT? D) IR Y7 VOUHD 9.5 DY
R-3 DWW 17 PR 3% R[z]-3 po (22 + 1)°

DIY219 > .9.6 DN
f(z) = apa"™ + -+ a1z + ap € Z[z]
.clag-y dla,-v N L f S¥ v XY § € Q DYMND 72V WY NN
:d"-2 22950 £ VYN NN X NN
PG = (@) + ()
—_ = Q —_ P a — Qa
d) " \d a) T
0=a,c+ -+ acd” + agd"
—apd® = a,+ -+ aed =c (anc”_1 + e+ aldn_l)

W1 clag 199 (¢, d) = 1 195 ,oxmixn XD < 2vnY DNIN .clapd™ 199
R nTr mpraa 0NN 93 M1y 9pn 9NN vyl d|a, DOm mT 19INa
Q opna R Sv oHavn N1, Z Opna

aule

IOIPNION NI /P 190NN PYA0 1 > 1 D30V NN 2NWRT 1900 p O L9.7 DN
SeQon .f5v v NN /P o0 Ma Lf(x) = 2" — p DP9 MIAM N
oPpr 1> 1939 5aN 9.6 O n2ad d € {£1}-1 ¢ € {£1, £p} i ,f SV v

f(%) = (£p)" —p#0

299087 vv PR 1PO;)
OV D2V NTY NN F- 0T Mpeas onn NN R 0D 1) Snann INYD
JONN NN ON NON

M7, DP9 0I2T INY DIAYN NTYVAY 1IWND RO TPNYURIN MPONIVIND
79 won X9 M 7anon .C Syn 299 Yax R Syn 19 X 22 + 1-v 725

9AN OTIIN VO M 22+ 2 = 2(z+ 1) :Z Syn 79 22 + 2 D19 9.8 NNt
YN M PIPON YIAN .P2I9 ON DI (T°AN 2 ) MNR KDY M 1oan Q Syn
NIN ODINN TARYI D129 DY 17190 DIRNP NDMIN 199 "INN” NN XY NN, Z
NITN OMPNAY DIV NIN DDPNY DV STPNN DIV IIDR N2 YW 19YPO

ANy MOm)

40



Content

Primitive

Eisenstein’s

criterion

N0 f Ov HOM .0wDa f(z) = aa” + - -+ a1 + ag € R[x] o1 9.9 N1
(f)-2 DN DM ag, ay, - . ., G, DNITPNN DY 22PN GMYNN PONNN

£(f) =199 09t PRTPN DN YN KIP f € R[z] 019919 .9.10 NN

F(x) = @px™ 4+ S DMURY IRTR P g R S L(POURIR 10I0IP) 9.11 vOuUY
DOPOD DN - - - + a1 + ag € R[]

i#AnYYa EP o

W IR GR-3153%00M9 f DR (R YD DR YW Y7 PR) Fz]-3 9o R f X
R[z]-3 v™o

PV 7 DINPY Y7 DROND P MVRY AR N3y P = (p) 13¥ W00 po3
Gy DR PIND K7 p2- 4 Z£n WY a; DR PINY a, DR PN R?

WY PTNR PP f = g - h D N5V NI DN
g(x) = cpa® 4+ - 4 12 + co, h(z) = bp_px™ " + - + bz + by

c; XM P-5 77w KOV h-1 0»n OpT»N 0y DTpnn b; o .0 < b < n May
DINN DyN MY PV NN .P-5 TrY NOVY ¢-2 919N DPTYN DY OTPNN
99 bic; ¢ PR pnwra P-v »an bic; = a;; (mod P) apn ,R/P mmdvn
bo,co € P 002 j=kvi=n—Fk39 ,i+j=mnIYNd PP M a4 ¢ P
O] 2TPAN PYPO PR YD .APND RY Lag = bycy € P? 199

D»PN NN 2D Z Syn P9 R NN f(x) = 222° + 27z + 15 vden .9.12 nnanT
NN 27 IR PONN 22 IR PONN KD 3 MDD .p = 3 MNIAY PPOYRIR DIV NN
15 nx ponn N9 32 Yan 15

O»pN NN 2 Z[i] Syn P9 NN f(z) = 2% — 30z + 15 owon .9.13 nonT
Z[i]-209wR 300 1R P = (3) May PPOURMN IVIP NN

P19 N f(z,y) = y* + (2% + 2)y + (2 + 2)(z? + 3) OxD INDIN .9.14 3N
[z, y]-2

p(z) = 22 +2 0 (T MPo o XnY) S = Z[z] 1903 .19 N NI N0
(p) SRTRN 2230 PPOVYRPNR PIVIPA YANVYND TP NYD .S-2 MNURI DR NNV
.0V P9ON f oo o Sly| = Zx, y]-a

Z[V=2][z]-2 p9 N f(z) = 22 — 3 oD NN L9.15 9N

41



» P = (3) Dy POURIN 1PI0IPA WHNWnD AWaN X S = Z[y/—2] N3 e
1++1/=2 € 5 9axr MR IR 199,79 3 M9 3 = (14 /-2) (1 —/-2)
N(1+ \/—_2) = 124212 = 3 ,700WRI NN DY ININNY 9N ,P>I19 X NN
DNYNT NIN P79 0N DN DOV O7PNN PTOPIN DINN PTOPIN S 2D IR ,qONa
W f-v o P = <1 + \/—_2> Dy PPOYRPR IPIVIPI YVNNYND N2 IO
Z[\/=2][z]-2 pa

OV M9 XD ONION NY TR L9010 ONIN NN PPOYRIIN IPIVIP .9.16 YD
NN 0N»PN OYRY MY ,Q Syn 0P X 22 + 1IN 22 + 4 nonTy .om»99
oY, Q-2 P19 2t + 4 ANt YY) PPN

x4+4:(x2+2x+2) (x2—2x+2)

OX PN ON P9 N f(z) € Fla] v~ .a # 0 m ,a,b € F v .9.17 twyv
79N f(ax +b)

T x4+ 128 Q 5y P9 R f(z) = 82 + 622 + 1-v N2NY 175 .9.18 ANNT
patph)
f(z+1) =82 + 302% + 362 + 15

W () 199,99 R f(z + 1) 199 .p = 3 MY POYRPR PIVIP NN DPPHVY
.Q Syn P9

28 Q Syn P9 N f(x) = 2t + 423 + 622 + 22 + 1-w POIND TD 9.19 NPT
oapnarr—ax—1
flz—=1)=a2*-2z+2

W () 199,79 R f(z — 1) 199 .p = 2 MY PPOYRPR PIVIP NN OPPHVY
Q Syn s

9K NN 2" —y € F[y]][x] »2 weon .9.20 Yaan

Y D N O 0VY Ly € F[y]] May ovnrr 1pavIpa wnnwnd NN NN
DV MMYUNA

y=a(y)By) = awy™) O] bny™) P11 WY NI P19 N NINY N1 N2NN
92PN OMNTPHN MW

CL()bO = O, a0b1 + a1b0 =1

Y9 .aghby = 1 92apy mvwn INXNYNIM N by = 0 NOP NSHON NS2N *O2
P90OR N0y M L [[y]]-a 7oan aly) o9 a0 # 0

25 DWH NI IRVIV NN DD ONWNT D) ¥ 199 TOPIR N0 F[y]]-v nnon
9N NN PN P = (y) My PPOVRIIN )»IVIP DR 09PN " — y-v

WO f(2) € R[z] Y™ (0W) YV 1ndn HY MDD NNN) 9.21 VoD
L 990 M9 W f DR PN BR R YD po R f(x)

42



Left module

glf oR YW OR R[z]-3 g|f ™ .g(x) € R[x] ™ BN DN INN .9.22 WpOY
Flz]-3

U DPIIMN PYVO INY37 "MINPY" Q YV DWDWIND YW AP PO I3 I
2 YD DIOWNO

WO .char FF # 2 moy L f(z,y,2) = 2® + y* + 22 € Fla,y, 2] 70 .9.23 99590
90K f D

S(x,y,2) = (x4 y+ 2)%-v 200 P9 f X char F = 2 DXY DY) W0
PN 09 XN f 0N S Syn Flx,y, z| = S[z] w S = Fly, z] 1003
P-Y T2 ONMWNAY p € S 07pw MNIND NN Ly + 22 Hwon DTpn Dy 2 NYynn

AN PO 8O p? 9an 2 4 22 NN ponn

WP LOPNYNI NYOONY PIONN DN YD 190 NN Mo DINN NN S NN
MY Ly? + 22 AN PONNN Z Y IHNIPI0 KO NPN DY MNWNY TN p € S
S =TIzl 025 oowy (k= F(y) MmYd) vv oavn 0T IR k-2, T = Fy]
MpoNN 29 g(z) € T[z] D93 939 W, T[2]-2 P D99 y? + 22-w Nron
k[z]-2 g|f on p or T[2]-2 g|f

w2+ 22 = p? o h(z) wWLk[2]-a 92 + 22 N ponn p? 0o nOwa oy
E2D) Ly 42 4 22 Sy (k[2]-n DTN Oy) MNP qrvs 95 o5 28 o,

0z Y | 0z

AN .p-2 NPONNN

1
V2

) ) z O+ 2%
(v +27) 2y? 0z

NN PONN KO P2 YD DPND M L(2-0 NNY PIONNNY TO2 DOUNRNYN NNIN IND)
T[z]-2 y% + 22 A ponn &9 N0 o9 k[z]-a 2 + 22

P9 amN Ponn KXY p? Yan 2 + 22 N POmn p € S MuNT D7 IMD
Flz,y, z]) = S[x]-2 99K f 1991 ,120UR»NR )0I0p 0»Pnn

"IVY DN 10

09719 NYayn  10.1

oo oy (M, +) mOax M0 1NN XN R DN Syn HONNDY 91710 .10.1 H91530
:a,b € M 999 1, s € R 939 0»pmow Wi pu(r,a) = ra yavd ,u: Rx M — M

r(a+b)=ra+rb .1
(r+s)a=ra+sa .2
r(sa) = (rs)a .3

l-a=a 4

43



Submodule

Quotient module

Module

homomorphism

a0y =0 0pmr € R9959 0r-a =0y 0”pim a € M 535 .10.2 DHIYD
ANTYN Dyn) 1T NN NTY DYn MO AN DD .10.3 NNt
9y OrTin NN OAN AN YO .10.4 AT

G-n onrommnn nap N8 End(G)-2 903 .109ax nan Gonn .10.5 9990
NN RO .nacam nnd ona »n NN End(G) 25 onxan man 95903 .nnsyo
Syn 9TNS G AR TBNY TITINYD .M HY DvaNmmIN ¢: R — End(G) »mn

R

P25 R ya 9950 NN PTHND NN .YaAN nMan 125 o0 G PN 8 W
939 rg = ©(r)(g) P VAR TN NITHNI MYWITH MN»PRNY ;1Tan G
V=Y O YN M) MNYPNN MWATH 9oW TaY WO maa g € Gaar € R

0NN DY ovaNMININ
R Oyn oy NN G-Y 700 'NA00 NN D) NID D)9N2 ONINNY INID CDNN

ON M 59 Yo mn Xpn N < M nman-nn R Syn 5y M > .10.6 DTN
an e N ovpmne N-yr e R 5D

oyn T XN Q Ownd ST NN NN 9T DY NMANTNN YD RY .10.7 NNt
TN NYRY NMIANTIN NN Z < Q) Q

JoRYD pnyn T: V. — Vonm JF D0Tv Dyn »Mom anmn Vo L10.8 AnnT
J(@)v = f(T)(v) 9950 010 > Sy Flz] Dyn 517 m 5w myan V-5 phaynd 9war

YO MINR-T AN M NN W C Vorm [ T: V — V 7oIx»S npnyn >Nn .10.9 9990
X Wooomn (T(W) C W oamnT [T 5w n%yan nnn 9wy XN mod)
Fz] yn 9315 V5w 9y 1m-nn

V0w N nManTnn XY 0apy 1), anmTnn N0 W-v pnnmn nne
J(@)-we W orpmv w € WA f(z) € Flz] 935% nomd ann

T (w) € W 9apy mspytrNa T(w) € W R pomomen-17' xn W-v »an
NN PO DIDNX DY INYD NN DD 03 XL F Oy o anmn X0 W-v 90
-2 w9591 o s nn f(T) (w) 2280 092 V-5 7w T (w)

OVANMIMN NN MITIN PV ONTIND O) ,DINN DPION DIIAND WD
LDNDANMMITN YDV

N-v M2 ,mMmand 1mm-nn N < M o R Syn 5v1m M >0 .10.10 D910
LR 5yn 511m Sv man v M /N nmn nNaNdY 1anom ,moNn I NNanNTNn Xin
MY N NI

DWW NN i M — N spns LR Syn o1 M, N v .10.11 A910
f(rm) = r - f(m) ©»pnn MMNIN Sv DP9 XD [ OX R YD DN v
meMarre RSO

44



Ker(f) = pyHd R 1om) DN 9 Bowoww f: M — N v .10.12 vovn
DMDVONDIRD WOWY DIOOPRD IR N 9 N~ www {m € M| f(m) = 0}
M/ Ker(f) = Im(f) 013931 o v

NPNPNAN NNAP E onm pyav 19on n o0 090N N R o .10.13 D90

R™ = E 5 R 5yn 97 m Yv man E-5 nno awvaxvw o .f: {1,....,n} = R
DTN
AL .. .n} DN SV AMTO -n-Y NPY E-1 1pNpNs NP Nne

o (f + 9)(x) = f(x) + g(x) M3 TDRTIDNR NPIPNS DY NDN VTR
z(x) = N¥IAPN PPIPNN NN NOY DTN TDRY TPNDN NNIAN NN E D mNIND
WNRS - f=f,299 RXx E — E 93 1 .0

92 1 B — R™ 8png 1) (Mt R NT) 1 <o <n 555

p(f) = (f(1),..., f(n))

D97V DY ODINMIMIN INTY NN

s f(n) + (g(1), ... 9(n) = o(f) + ¢(9)
(rf(1),...rf(n))

—~~ —~
—_
N~—

Lo
=
s
SN~—
—
S
N~—
N~—
I

flz) =133 (f(1),...,f(n)) =(0,...,0) nx,f € Ker(p) 1 :y"nn ©-¥ XD
(T1y ooy 1) €070 DY O3 MRIND AN .E-2 0RO N L <2 <nd3d0
e-v 105 1 <z <nYH flr)=r, M2 NN D IDRO INDY NPHn N R
NNDINN DR 0YON PNYNRIN DPINMIPNRN VAYNI VIV DTN DY DHVINMIDN

Simple DOV KD ONTINTNN 1D PR OX VWO RIP> M 7 .10.14 NN

NTINTNN N HODNNY ONTN DD 1 NIPNA I8y Dyn D17 NIN NN D .10.15 WD
INNY DY VIV D1rTIN NIN OX PN ONX VIV NIN N 0D TN

Cyclic a T DY AN I NN .a € M oo R Sy vy M oo .10.16 DTN
submodule NN
Ra={ra|re R} <M

M, (R)epy = R" >5 M, (R) 5yn 98 7T N0 R™ i) .0 R o> .10.17 Hnnt

Ra=M o»pm 0 <a € M 9555 o P DX VIV NI M 91T .10.18 WYV

45



Spanned by

Finitely

generated

Basis

Free

WN M D DOV MY CTIvNN PPN NN AN NI NN PYWN PPN DN
RO YTm N N < Moy .Ra = M ovpmm 0 < a € M 9550w %aN 09
T8 ,0 #£ Ra C N o3 92p3 .0 # a € N 07P IR ORIV IPRY 2910 ORIV
] NPNo W Ra = M v

M/N-v oo Sv1mnn N < M oo R Syn »ops 71 M o 010,19 9990
2ON DrTin NiD

b=ra-v1mre Rovpbe M 530 99> .M = Ra-v 75 a € M 0»p WO
92py N = N-v»nam b+ N =ra+ N nx b+ N € M/N 53 728

ra+N=ra+rN=r(a+ N)
a+ N o Oy am popx M /N 9,95

M = 5wvno nryx M 9%ar 090y o 1m N on M /N > om0 .10.20 A0t
APy TN Z oyn o Tmd) N =Z x {0}V Z X Z

MIRDY IRTR TP DR PN DR P R M R R 90 D M o .10.21 vOu»
R/II=ZM-v» <R

ON R 5yn {a;},.; © M n¥ap=nn v 9y viod) M 51nv N .10.22 1710
onvod ay,...,a, NAYy m = 2?21 ria;-¥ T2 ry,...,r, € R oo»p m e M 955
NaNgmivln)al

R 5yn oD sy 1T NN M- N 1090 N Nap v M- R

MoN MYa N¥apn ox M Sv nvne n¥ap {a;}.., C M onn .10.23 AT

MDD TPINYD

jedJ

n

Zriai:() = rm=r9=---=7r,=0

=1
DU XIPY DDA 1D WOV NTIN DD NNIAPD NIPI

AN DY DD NV DD XD 2T NP IPINYD NIONA ONPA .10.24 DWW
NINY NI PNOPIN 2NN OV TN N DNXIYD IRIP DN DNXIY W OO
0”70 02NN NPPNA TIND NIWYN

0w Syn Mo an m Vo= FRom Sund .03 XY 1t Myo 07995 o9 Tina
270 551 ©oa W Ny Syn 1 7md Endy, V-5 N

LU CV or i Toon U,V 0omop 020710 0230 Myova 1ot .10.25 Dy
MR 5P . Z Syn ONTND 27,7 2y 551n0) ,0oNTna NNt nowyo .U = V X
TINDY PIY Y\ Z # 27 9ar 27 Yv ©oa X0 {2}-v1 Z Sv ©oa N0 {1}-v

DTN Z = 27~

46



NN eq, .., et T oY R Syn o axim owan X R” 917N .10.26 A0t
JOID DDA W, TAD NN MWAIN NTINHY NN

r-a =0 nYITNN NV D010 PR .Z Sy N1 Z/nZ-1 1n1an3 .10.27 nnnt
7 =10 AR D) DNPY I YA .ova N W r = 0-v W € Z ,a € Z/nZ iy
Z/nZ may nvng n¥ap o NN {1} v T8m

Yoo € N may R™ 5v nmn N0 R Syn 1910 981 Dy71mn Do .10.28 Y)YV

{e1,...,ex} nwMan napn nNya {aq, ..., a,} T Oy I8N M TNV NI DN
:R™ 929 0D MIRY L f e = a; DPNIMN P RT O

f (Xn:’f’z@i) = Zn:'riai

[ M = R/Ker f 52p3 WRIN DVAMMIDNRD VIV 299

Annihilator NIz € M SV (ONPYN) DORDY NN T LR Syn 91 M o .10.29 9910
Anng(z) ={r € R|rz =0}

NN PHNY Wan S C M n¥ap-nnd i1 I9Na LAnng(z) < R D MmN O;
NS PONNYN) DINNDN

Anng(S) ={re R|rS =0}

Torsion D»P OR YOV NN 0 # & € M 2RV MmN LR Syn )1 M > .10.30 D910
D»P DN 27 9MaN z-¥ N , Moy OINN IR R on) re =0-v 10 0#r € R
Arz =0-v 700N 7

Torsion NNAPN NN M OV NINHOD NN TN

Torp(M)={me M|3(0#r € R), r-m =0}

Torsion free yon M-v mny Torg (M) = M Y5 ,0oman 1IN 95 oX Yman M-5 Np)
.DOMan DN 1 PN ONX NO

N M 95 [ Torg(M) = M W M = Z/6Z nxy R = Z 2n3) .10.31 Hnont
oeom=092p r =6 € R R N2> 5o m € M 555 v oman
Tory 67(Z/6Z) = 53p> msy Syn N> Z/6Z-1 Nany NNt Noy> ON
wo {0,2,3,4}
AnnZ/6Z(3) ={0,2,4}

Torz(R) = 07pnn a0y S5yn 97 Nd POy HoNoN ,Mndw onn R > .10.32 nnnd
208 0N NN R Oyn S)9Tmo R™ 0y ,nt NOpna LooN ponn R-1 pyr oo 0

7+ (a) € R/ (a) or v R Syn dYman M 1m X0 R/ (a) i .0 # a € RO
TN

a- (7’ + <(I>) € <a) = 0R/<a>

47



Torsion

submodule

NI NN Z Yyn 1D G iR oo oA nan (G, +) onn .10.33 nnnt
G| - a =0 0P a € G 995 HaP) 1IN LIVYN 29Y HMan

M 5w v 1 nn N0 Tor(M) a8 .nmdw onn R o .10.34 2HYV
M O5w von o~ Tor(M)-5 XIpH XY ,td NIpna

7 € RYY r-x € Tor(M) »> mNInd Py anvds & € Tor(M) > DM
D WVM s (re) =71 (sz) =039 s =0-v 70 s € R 0»p ,n71Tn 29
orx € Tor(M)

PN sz = sy =0-v 12 5,8 € R om»p Xz, y € Tor(M) or

ss'(x —y) = §'(sx) — s(s'y) =0
O x —y € Tor(M) »> pon

M/ Tor(M) w Sv1m~nn xn Tor(M) yay R Syn 97w M i .10.35 oyv
R 2yn 51109 900 57 NN

172y DAN PONNIPRY € R 07pv n2Ova o m ¢ Tor(M) >0 dndw
r(m 4 Tor(M)) = rm + Tor(M))O0rs/ tor(ary = Tor(M)

PN ,s(rm) = 0-v T2 DAN PO IPRY s € R 07p 195 .rm € Tor(M) 5>
O m € Tor(M) a5 nvno wom (sr)m =0

DX2YTIN DV I DIDDD MINND 1N R Mndy onn Syn M 57 95 .10.36 YD
M = Tor(M) & (M / Tor(M))

-y Tor(M) = ZJAZ w7 50 9T M = 73 x (Z/AZ) >rv .10.37 nnnT
M/ Tor(M) = 7?

48



	מבוא
	תרגול ראשון
	תרגול שני
	תרגול שלישי
	תרגול רביעי
	תרגול חמישי
	תרגול שישי
	תרגול שביעי
	תרגול שמיני
	תרגול תשיעי
	תרגול עשירי

