
zewfg ixeha oexzt ly mekiq

y′′ + P (x) y′ +Q (x) y = 0

:mixwn dnkl wlgp

.miiyteg mincwn a0, a1 ,y =
∞∑

n=0
an (x− x0)

n :zixpicxe` 'wp x0 •

zireaix d`eeynn mi`ven α ,a0 6= 0 ,y =
∞∑

n=0
an (x− x0)

n+α :'bpiq 'bx 'wp x0 •

."zpiivnd d`eeynd"
:miyxey α1, α2

.l"za zepexzt ipy - mly epi` α1 − α2 m` –

.y =
∞∑

n=0
an (x− x0)

n+α1 - cg` oexzt yi .α1 ≥ α2 gwip - mly α1−α2 m` –

:xcq zcxed i"r milawn ipyd oexztd z`

y2 = k log (x− x0) y1 (x) + (x− x0)
α2

oexzta log milawn gxkda `l)!!0 zeidl leki ke ,zihilp` divwpet idef
.(ipyd

:epxwgy ze`eeyn izy

xcp'fl z`eeyn

(
1− x2

)
y′′ − 2xy′ + cy = 0

.zixpicxe` dcewp 0
.∞ mb - zeixlebpiq zeixlebx zecewp - x = ±1

xeriya - mihxt cer .n dbxcn inepilet oexzt yi ,mly n ≥ 0 ,c = n (n+ 1) m`
.meid

lqa z`eeyn

x2y′′ + xy′ +
(
x2 − ν2

)
y = 0 ν ≥ 0

.bpiq .bx dcewp 0
.bpiq .bx `l dcewp ∞

1



±ν - zpiivnd d`eeynd zepexzt

y1 (x) =
∞∑
p=0

(−1)
p
x2p+ν

22pp! (1 + ν) (2 + ν) · · · (p+ ν)

y2 (x) =

∞∑
p=0

(−1)
p
x2p−ν

22pp! (1− ν) (2− ν) · · · (p− ν)

.(hrn cer jynd)

Gamma Function dnb ziivwpet
mixicbn .x > 0

Γ (x) =

ˆ ∞

0

tx−1e−tdt

(ahid xcben)

dprh
Γ (x+ 1) = xΓ (x) x > 0 lkl

dgked

Γ (x+ 1)− xΓ (x) =

ˆ ∞

0

txe−tdt− x

ˆ ∞

0

tx−1e−tdt

=

ˆ ∞

0

(
txe−t − xtx−1e−t

)
dt

=

ˆ ∞

0

−
d

dt

(
txe−t

)
dt = −

[
txe−t

]∞
0

= 0

�

dpwqn

Γ (1) =

ˆ ∞

0

e−tdt =
[
−e−t

]∞
0

= 1

:dprhd itl

Γ (2) = 1Γ (1) = 1

2



Γ (3) = 2Γ (2) = 2

Γ (4) = 3Γ (3) = 2 · 3 = 6

Γ (5) = 4Γ (4) = 2 · 3 · 4 = 24

...

:mly n ≥ 1 lkl

Γ (n) = (n− 1)!

'eke Γ

(
3

2

)
=

√
π

2
,Γ

(
1

2

)
=

√
π gikedl ozip

.ilily mly x hrnl ,x < 0 xear Γ (x) xicbdl ozip mb dprhd jxc

Γ

(
−
1

2

)
=

Γ

(
1

2

)

−
1

2

= −2
√
π

Γ

(
−
3

2

)
=

Γ

(
−
1

2

)

−
3

2

=
4
√
π

3

lqa .ynl dxfg
dxcbd

i"r ν xcqn lqa zivwpet mixicbn ν lkl

Jν (x) =
∞∑
p=0

(−1)
p
x2p + ν

22pΓ (p+ 1)Γ (p+ ν + 1)

.p = −νn mekqd z` miligzn ,ilily mly ν m` xy`k

Γ (p+ 1) = p!
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Γ (p+ ν + 1) = (p+ ν) Γ (p+ ν)

= (p+ ν) (g − 1 + ν) Γ (p+ ν − 1)

= ...

= (p+ ν) (p− 1 + ν) · · · (1 + ν) Γ (1 + ν)

.lqa z`eeyn ly oexzt `ed Jν (x) ,ν ≥ 0 m`y mi`ex

wecal ozip

.lqa z`eeyn ly l"za zepexzt ipy md J−ν (x)e Jν (x) ,mly epi` ν m`y •

.Jν (x) = (−1)
ν
J−ν (x) ,mly ν m`y •

dwica

.(il`iaixh df ν = 0) .iaeig mly ν gwip zeillk zlabd `ll

Jν (x) =
∞∑
p=0

(−1)
p
x2p+ν

22p+νΓ (p+ 1)Γ (p+ 1 + ν)

J−ν (x) =
∞∑
p=ν

(−1)
p
x2p−ν

22p−νΓ (p+ 1)Γ (p− ν + 1)
= ...

:p = ν + p′ gwip

... =
∞∑

p′=0

(−1)
p′+ν

x2p′+ν

22p′+νΓ (p′ + ν + 1)Γ (p′ + 1)
= (−1)

ν
Jν (x)

�

miipia mekiq
:lqa ziivwpet •

Jν (x) =
∞∑
p=0

(−1)
p
x2p + ν

22pΓ (p+ 1)Γ (p+ ν + 1)

p = −νn ligzn mekqd ilily mly ν m`

x2y′′ + xy′ + lqa 'yn ly l"za zepexzt ipy Jν , J−ν ,mly epi` ν m` •(
ν2 − x2

)
y = 0

J−ν (x) = la` ,lqa z`eeyn z` mixzet Jν , J−ν oiicr if` ,mly ν m` •
!!!miielz (−1)

ν
Jν (x)
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dprh

∞∑
n=−∞

Jn (x) t
n = e

x
2 (t−

1
t )

("zxvei divwpet")

dgked

e
xt
2 =

∞∑
m=0

1

m!

(
xt

2

)m

e
−x
2t =

∞∑
p=0

1

p!

(
− x

2t

)p

e
x
2 (t−

1
t ) =

∞∑
n=0

∞∑
n=p

1

m!p!

(
xt

2

)m(
− x

2t

)p

m = p+ n ⇔ m− p = n eay xai` lkn lawzn `ed tn ly mcwnd
:`ed mcwnd

∞∑
p=max(0,−n)

1

p! (p+ n)!

(
x

2

)p+n(
− x

2

)p

=

=
∞∑

p=max(0,−n)

(−1)
p
x2p+n

22p+nΓ (p+ 1)Γ (p+ n+ 1)

= Jn (x)

�

ze`vez

∞∑
n=−∞

Jn (x) t
n = e

x
2 (t−

1
t )
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xl qgia zxveid divwpetd z` mixfeb m` (1)

∞∑
n=−∞

J ′
n (x) t

n =
1

2

(
t−

1

t

)
e

x
2 (t−

1
t ) =

1

2

(
t−

1

t

) ∞∑
m=−∞

Jm (x) tm

=
1

2

( ∞∑
m=−∞

Jm (x) tm+1 −
∞∑

m=−8

Jm (x) tm−1

)
.miccvd ipya tn ly mcwnd lr lkzqp

J ′
n (x) =

1

2
(Jn−1 (x)− Jn+1 (x))

J ′
0 (x) =

1

2
(J−1 (x)− J1 (x)) = −J1 (x)

J ′
0 (x) = −J1 (x)

tl qgia zxveid divwpet z` mixfeb m` (2)

∞∑
n=−∞

Jn (x)nt
n−1 =

x

2

(
1 +

1

t2

)
e

x
2 (t−

1
t )

=
x

2

(
1 +

1

t2

) ∞∑
n=−∞

Jn (x) t
n

:tm ly mcwn

(m+ 1) Jm+1 (x) =
x

2
(Jm (x) + Jm+2 (x))

n

x
Jn+1 =

1

2
(Jn−1 (x) + Jn+1 (x))

ilxbhpi` bevii

Jn (x) =
1

π

ˆ π

0

cos (nθ − x sin θ) dθ

.(mly n)
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lqa .yn ly ipyd oexztd
dxcbd

i"r zexcben (oniep zeivwpet)ipyd beqdn lqa zeivwpet

Yν (x) =


Jν (x) cos (νπ)− J−ν (x)

sin (νπ)
ν /∈ Z

1

π

(
∂Jν (x)

∂ν
− (−1)

ν ∂J−ν (x)

∂ν

)
ν ∈ Z

s`ey ν xy`k dpey`x dxey ly leab i"r diipy dxey milawny ze`xdl ozip)
(.mlyl

(x → 0 xy`k xcazn Yn (x)) .lqa z`eeyn ly oexzt `ed Yν (x)

xcp'fl inepilet
'ynly epi`x(

1− x2
)
y′′ − 2xy′ + n (n+ 1) y = 0

.n dbxcn inepilet oexzt yi
:dl` minepilet xicbdl dxyi xzei jxc yiy `vei

dxcbd

Pn (x) =
1

2nn!

(
d

dx

)n (
x2 − 1

)n
(n dbxcn xcp'fl mepilet Pn (x))

Rodrigues Formula qbixcex zgqep idef

dprh
xcp'fl 'yn z` miiwn Pn (x)

dgked

d

dx

(
x2 − 1

)n
= 2nx

(
x2 − 1

)n
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dn

dxn
(ab) = a(n+1)b+(n+ 1) a(n)b′+

n (n+ 1)

2
a(n+1)b′′+ :zxekfz .minrt n df z` xefbp

:eply dxwna ....

(
x2 − 1

) dn+2

dxn+2

(
x2 − 1

)n
+(n+ 1) 2x

dn+1

dxn+1

(
x2 − 1

)n
+
n (n+ 1)

2
2
dn

dxn

(
x2 − 1

)n
= ...

(qt`l zeey zexfbpd x`y lk)

... = 2n

[
x
dn+1

dxn+1

(
x2 − 1

)n
+ (n+ 1)

dn

dxn

(
x2 − 1

)n]

2nn! i"r wlgp(
x2 − 1

)
P ′′
n (x)+2x (n+ 1)P ′

n (x)+n (n+ 1)Pn (x) = 2n [xP ′
n (x) + (n+ 1)Pn (x)]

(
1− x2

)
P ′′
n (x)− 2xP ′

n (x) + n (n+ 1)Pn (x) = 0

�

:minepiletd z` zelwa `evnl ick `gqepa ynzydl ozip

P0 (x) = 1

P1 (x) = x

P2 (x) =
3

2
x2 −

1

2

P3 (x) =
5

2
x3 −

3

2
x

Pn (1) = 1

Pn (−1) = (−1)
n

.1l −1 oia miyxey n Pn (x)l yi

zxvei divwpet
∞∑

n=0

Pn (x) t
n =

1
√
1− 2xt+ t2
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:xl qgia xefbp .(miizpia gikep `l)

∞∑
n=0

P ′
n (x) t

n =
t(√

1− 2xt+ t2
)3

(
1− 2xt+ t2

) ∞∑
n=0

P ′
n (x) t

n = t
∞∑

n=0

Pn (x) t
n

:tn+1 ly mcwn

P0 (x) = P ′
n−1 (x)− 2xP ′

n (x) + P ′
n+1 (x)

:tl qgia mixfeb m`

(n+ 1)Pn+1 (x) = (2n+ 1)xPn (x)− nPn−1 (x)

.xcp'fl mepiletl diqxewx idef
:milawn mixagn m`

x2 − 1

n
P ′
n (x) = xPn (x)− Pn−1 (x)

.zexfbpl dgqep idef

xcp'fl 'yn ly ipyd oexztd

Qn (x) =
1

2
log

(
1 + x

1− x

)
Pn (x) + dxeva ipy oexzt yiy mi`ven xcq zcxed i"r

(n = 0 xy`k 0)n− 1 dbxcn mepilet - Rn (x)

dgked

mibivn

y = zPn (x)

y′ = zP ′
n + z′Pn

y′′ = zP ′′
n + 2z′P ′

n + z′′Pn

(
1− x2

)
(zP ′′

n + 2z′P ′
n + z′′Pn)− 2x (zP ′

n + z′Pn) + n (n+ 1) zPn = 0
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1−a wlgp .(d`eeynd z` miiwn zPn (x) ik)mvnhvi z ea yiy dn lky mircei ep`
:x2

z′′Pn + 2z′P ′
n −

2x

1− x2
z′Pn = 0

:Pnz
′a wlgp

z′′

z′
+

2P ′
n

Pn
−

2x

1− x2
= 0

ln z′ + 2 lnPn + ln
(
1− x2

)
= C

z′P 2
n

(
1− x2

)
= C

z′ =
C

P 2
n (1− x2)

= C

[
α

1 + x
+

α2

1− x
+ ...

]
zyxcpd dxevd z` lawl mikiynn)
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