
zecinv zewlgn
dxcbd

xgx−1 = hy jk x ∈ G miiw m` hl cenv g .g, h ∈ G .dxeag G `dz

dcaer

zeliwy cgi `ed l cenv zeidl

dgked

ege−1 = g ik envrl cenv g (i)

:gl cenv h m"n` hl cenv g (ii)

∃x−1∈Gx
−1h

(
x−1

)−1 ⇔∃x∈Gx
−1hx = g⇔∃x∈Gxgx

−1 = h⇔ hl cenv g ⇐
.gl cenv h ⇔

cenv g ,ok` .kl cenv g gikep ,kl cenv he hl cenv g m` - zeiaihifpxh (iii)
⇐ yhy−1 = k ,xgx−1 = hy jk x, y ∈ G miiw `"f ,kl cenv he ,hl

k = yhy−1 = yxgx−1y1 = (yx) g (yx)
−1

dxcbd

.zecinv zwlgn z`xwp zecinv qgil qgia zeliwy zwlgn

cong (x) =
{
gxg−1 : g ∈ G

}
epneqi x ∈ G xai`l micenvd mixai`d lk oeniq

dxrd

x z` dlikny zecinv zwlgn `id cong (x)

dpwqn

.dly zecinvd zewlgn ly df cegi` deedn G dxeagd

dgked

.zeliwy zewlgn ly xf cegi` deedn dveawd f` ,dveaw lr zeliwy qgi yi m`
.zecinvd qgil qgia zeliwy zewlgn od zecinv zewlgn ,xen`k

ze`nbec

lr xzi .cong (x) =
{
gxg−1 : g ∈ G

}
= {x} x ∈ G xai` lkl .zila` G (`)

:ok
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xai` yi dly zecinvd zewlgn lka m"n` zila` G dxeag dcaer

.cg`

xai` zepa dly zecinvd zewlgn lk ⇐ zila` G ⇐ dgked

cg`

cong (x) = if` cg` xai` yi zecinvd zewlgn lka m` ⇒
o`kn .envrl cenv cinz x ik {x} ∀x ∈ G

∀x∈Gcong (x) =
{
gxg−1 : g ∈ G

}
= {x}

⇓

∀x,g∈Ggxg
−1 = x

m

∀x,g∈Ggx = xg

m

.zila` G

x ∈ Z (G) ⇔ .Ga xai` x ∈ G ,idylk dxeag G `dz dprh (a)
cong (x) = {x}

∀g∈Ggxg
−1 =⇔

{
gxg−1 : g ∈ G

}
= {x} ⇔ cong x = {x} ⇐ dgked

x ∈ Z (G) ⇔ ∀g∈Ggx = xg ⇔ x

lk)cong (A) =
{
BAB−1 : B ∈ GLn (F)

}
= A ∈ GLn (F) .G = GLn (F) (b)

-x`pil dwzrd dze` z` zebviind zevixhnd lk = Al zenecd zevixhnd
.qiqa ztlgd B xy`k zi

zexenzd lkl deey dfe cong (π) =
{
GπG−1 : G ∈ Sn

}
:π ∈ Sn ,G = Sn (c)

.πl enk ixefgn dpan eze` odl

-knl dnecae GπG−1 = (G (i1) , ...G (ik)) ,π = (i1, ...ik) m` :xaqd
.mixf mixefgn zlt

cong ((1, 2)) = {(i, j) : 1 ≤ i < j ≤ 5} ,π = (1, 2) ,G = S5 :lynl

|S5| = 120 ,|cong (1, 2)| = 10 :hxta

htyn

wlgn zecinvd zewlgn xcq ,xnelk .|cong (G)| | |G| ,x ∈ G ,ziteq dxeag G `dz
.dxeagd xcq z`

:xicbp df htyn gikedl ick
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dxcbd

Zx := {g ∈ G : gx = xg} =
{
g ∈ G : gxg−1 = x

}
`edGa x ly fkxn x ∈ G ,dxeagG `dz

dxrd

Z (g) := {x ∈ G : ∀g ∈ g, gx = xg} :fkxn mr lalazdl `l

dnbec

:(1, 2) ∈ S4 ly fkxn Z (S4) = {e} ,G = S4

Z(1,2) = {e, (1, 2) , (3, 4) , (1, 2) , (3, 4)}

1 dprh

Zx ≤ G if` ,x ∈ G ,dxeag G `dz

dgked

.iktede ltk zgz xebq Zx gikedl witqn okl ,e, x ∈ Zx ik Zx 6= ∅

xb = bx ,ax = xa ,∀a, b ∈ Zx ltk zgz xebq Zx (i)

(ab)x = a (bx) = a (xb) = (ax) b = (xa) b = x (ab) ⇒ ab ∈ Zx

lawpe l`nyne oinin a−1a litkp .ax = xa ,∀a ∈ Zx :ikted zgz zexibq (ii)
.a−1 ∈ Zx ⇔ xa−1 = a−1x

htyn

|cong (x)| |Zx| = |G| miiwzn .x ∈ G ,ziteq dxeag G `dz

dpwqn

|cong (x)| | |G| :l"pd mipeniqa

htynd zgked

htynd z` gikedl ick .|Zx| [G : Zx] = |G| 'fpxbl htyn itl okl ,Zx ≤ G epi`xd
ly zeil`ny zewlgnl cong (x)n ϕ dwzrd xicbp .|cong (x)| = [G : Zx] gikep l"pd

.lre r"gg d`xpe ,Ga Zx

ϕ
(
gxg−1

)
= gZx i"r zxcbend ϕ dwzrd `dz

.lre r"gg ,ahid zxcben ϕ :l"v
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.ϕ
(
gxg−1

)
= ϕ

(
hxh−1

)
f` gxg−1 = hxh−1 m` l"v .ahid zxcben ϕ (i)

h−1g ∈⇔x =
(
h−1g

)
x
(
h−1g

)−1⇔h−1gxg−1h = x⇔gxg−1 = hxh−1 ,ok`

.ϕ
(
hxh−1

)
= ϕ

(
gxg−1

)
⇔hZx = gZx⇔Zx

ϕ
(
gxg−1

)
=l lewy ϕ

(
gxg−1

)
6= ϕ

(
hxh−1

)
⇐ gxg−1 6= hxh−1 l"v :r"gg ϕ (ii)

.gxg−1 = hxh−1 ⇐ ϕ
(
hxh−1

)
aH = bH ⇔ a−1b ∈ H

:gikedl xzep

dwlgndy jk g ∈ G miiw Ge Zx ly zil`ny dwlgn lkl ok` :lr ϕ (iii)
ϕ
(
gxg−1

)
= gZx `"f ,ϕ zgz xewn gxg−1 f`e ,gZx `id

zexeag ly zelert
dxcbd

ϕ : G→ S (X) 'ned `id X dveaw lr G dxeag ly dlert

dxrd

miiwzn x ∈ Xe g, h ∈ G lkle ,envrl Xn dxenz ϕ (g) ,g ∈ G lkl miiwzn ,`"f
ϕ (gx) (x) = ϕ (g)ϕ (h) (x)

ze`nbec

∀(x,y)∈R2
ϕ (0) ((x, y)) = (x, y)
ϕ (1) ((x, y)) = (y, x)

xicbp ,X = R2 ,G = Z2 (1)

ψ : Z2 → S
(
R3

)
xifbp ,X = R3 ,G = Z2 (2)

ψ (1) (x, y, z) = (−x, y, z)

ψ (0) (x, y, z) = (x, y, z)

ϕ (π) = ({a1, a2, ...ak}) = {π (a1) , π (a2) , ...π (ak)} xicbp ,G = Sn (3)
.{1, 2, ...n} jezn k lcebn dveaw zz `id X xy`k

,ϕ (π) (x) = {2, 1, 3} ,π =

(
1 2 3 4 5
2 4 1 5 3

)
,x = 3 ,n = 5 lynl

ϕ (πG) (x) = miiwzne S (X)a dxenz ϕ (π) .X 3 x = m {1, 3, 5}
ϕ (π)ϕ (G) (x)
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ϕ (c) (v) = cv ,v ∈ Rn ,c ∈ R∗ lkl xicbp .X = Rn ,G = R∗ (4)

ϕ (c1c2) (v) = c1c2v = v1 (c2v) = ϕ (c1) (c2) (v) = ϕ (c1)ϕ (c2) (v)

(c 6= 0 ik)dxenz ϕ (c) oke

i"r H ly zeil`ny zewlgn lr zlret G .G ly g"z H .dxeag G `dz (5)
∀g∈Gϕ (g) (xH) = gxH ,X = {xH : x ∈ G} .l`nyn ltk

X = G ,dxeag G `dz (6)

.zil`ieeixh dlert ϕ (g) (x) := x i"r X = G lr zlret G (`)

dlert ϕ (g) (x) := gx l`nyn ltk i"r X = G lr zlret G (a)
.zixlebx

ϕ (g) (x) := gxg−1 dcnvd i"r X = G lr zlret G (b)

ϕ (gh) (x) = ghx (gh)
−1

= ghxh−1g−1 = g
(
hxh−1

)
g = ϕ (g)

(
hxh−1

)
= ϕ (g)ϕ (h) (x)

dcnvd zlret
dxrd

.dcnvd ly dllkd `id dlert

lelqn - dxcbd

`ed x ∈ X xai` ly lelqn .dlert ϕ : G → S (X) ,dveaw X ,dxeag G `dz
σx := {ϕ (g) (x) : g ∈ G}

ze`nbec

.ϕ (c) (v) := cv i"rR lrn V ixehwe agxn lr zlret G = R∗ (1)

:v 6= ~0 xear .σ
(
~0
)
=

{
~0
}

:milelqn

σ (v) = {cv : c ∈ R∗} = span {v} \
{
~0
}

.milelqnd ly xf cegi` ,xeyind X ,df dxwna

xear .ϕ (1) (x, y) = (y, x) ,ϕ (0) (x, y) = (x, y) ,X = R2 ,G = Z2 (2)
σ (x, x) = (y = x) xyid lr dcewp xear .σ (x, y) = {(x, y) , (y, x)} x 6= y

.milelqn ly xf cegi` xeyind - X ,aey ,{(x, x)}

.dcnvd zlert zgz milelqn md zecinv zewlgn (3)
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ϕ (r) (x, y) = (r (x) , r (y)) dlert ,X = {(x, y) : x, y ∈ {1, 2, ...n}} ,G = Sn (4)
:x = y m` :milelqn

σ (1, 1) = {(i, i) : 1 ≤ i ≤ n}

σ (1, 2) = {(i, j) : i 6= j, 1 ≤ j ≤ n, 1 ≤ j ≤ n}
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