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Inner Product Space

Def.: Inner Product Space is a vector space V over F = C\R
with an inner product, i.e.:
(,):VxV=>F
that satisfies
» Linearity in the first argument:
» (avi, v) = a (v, v)
> (vi+v2,v3) = (v1,v3) + (v2, v3)
» Conjugate symmetry:
> (v1,v2) = (v2,v1)
» Positive-definiteness:
» (v,v) >0
» (v,v)=0 <= v=0
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Elementary properties

» Almost Linearity in the second argument:

» (vi,av) =a(vy, o)

> (v, v +v3) = (vi, v2) + (v1,13)
» Generalization:

> <Z7:1 QiVi, 2111 a}‘/f> =2 jril oz,-oTj- <v,-, le>
» Zero vector

» (v,0) =(0,v) =0
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Examples

» V =R" with
X1 N
X2 Y2 n
<X7y> = < . > . > :Xty:z:i:lxiyi
Xn Yn
» V =C" with
Z1 741
V) Wo _ n _
<27 W> = ) . :ZtW_Zi:IZiWi
Zn Whp
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1
Compute inner product of v = | 7 | with:

» vy = (—i,—4, \/5)
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Compute inner product of v = | 7 | with:

» vy = (—i,—4, \/5)
Sol.
((1,i,2),(—i,—4,v2)) = L-i+i-(—4)+2:v/2 = 2y/2-3i
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Compute inner product of v = | 7 | with:
2
> vy = (—i,—4,V/2)
Sol.
((1,1,2), (=i, —4,/2)) = 1-i+i-(—4)+2:v/2 = 2/2-3i
» v, =(1,—/,0)
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1

Compute inner product of v = | 7 | with:
2
> Vi = (_Ia —4, \/5)
Sol.
((1,1,2), (=i, —4,/2)) = 1-i+i-(—4)+2:v/2 = 2/2-3i
» v, = (1,—i,0)

Sol. ((1,7,2), (1, —i,0)) =1-14i-(i)+2-0=0
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1

Compute inner product of v = | 7 | with:
2

> vy = (—i,—4,V/2)

Sol.

((1,i,2),(—i,—4,v2)) = L-i+i-(—4)+2:v/2 = 2y/2-3i
» v, = (1,—i,0)

Sol. ((1,7,2),(1,—-i,0))=1-1+i-(/)+2-0=0
» vy =(1,1,2)
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1

Compute inner product of v = | 7 | with:
2

> vy = (—i,—4,V/2)

Sol.

((1,i,2),(—i,—4,v2)) = L-i+i-(—4)+2:v/2 = 2y/2-3i
» v, = (1,—i,0)

Sol. ((1,7,2),(1,—-i,0))=1-1+i-(/)+2-0=0
» vy =(1,1,2)

Sol. ((1,i,2),(1,i,2)) =1-1+i-(—i)+2-2=6
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Compute inner product of v = | 7 | with:
2

> vy = (—i,—4,V/2)

Sol.

((1,i,2),(—i,—4,v2)) = L-i+i-(—4)+2:v/2 = 2y/2-3i
» v, = (1,—i,0)

Sol. ((1,7,2),(1,—-i,0))=1-1+i-(/)+2-0=0
» vy =(1,1,2)

Sol. ((1,i,2),(1,i,2)) =1-1+i-(—i)+2-2=6

> vs = v +2v, — 3wz
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Compute inner product of v = | 7 | with:
2

> vy = (—i,—4,V/2)

Sol.

((1,i,2),(—i,—4,v2)) = L-i+i-(—4)+2:v/2 = 2y/2-3i
» v, = (1,—i,0)

Sol. ((1,7,2),(1,—-i,0))=1-1+i-(/)+2-0=0
» vy =(1,1,2)

Sol. ((1,1,2),(1,i,2))=1-1+i-(—i)+2-2=6
> vs = v +2v, — 3wz
Sol.
(v,vg) = (v,v)) +2(v, ) —3(v,n) =22 -3i—3-6
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Examples (Cont.)

» V =R™" with
(A, B) = trace(AB")
» V ={f:[-1,1] — C |fis continuous function } with

(Frg) = f F(x)8(x) dx
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Examples (Cont.)

» V = R™" with
(A, B) = trace(AB")
» V ={f:[-1,1] — C |fis continuous function } with
1 N
(f.g) = [ f(x)g(x)dx
-1
» Compute (sin(x), cos(x))
1

1
» (sin(x),cos(x)) = _j; sin(x) cos(x) dx = _fl w dx =0
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The norm induced by an inner product

Def.: Let V be an inner product space with inner product (-, -).
The norm induced by the inner product is the function
| %[ : V — Rsq defined by [|v|| := /(v, v)
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The norm induced by an inner product

Def.: Let V be an inner product space with inner product (-, -).
The norm induced by the inner product is the function
| %[ : V — Rsq defined by [|v|| := /(v, v)
Facts:
» |lv||>0and v=0 < ||v||=0
> [lav]l = laf - [[v]]

» Triangle inequality ||vi + v2f| < ||v]| + || v2]]

Achiya Bar-On Inner Product Space



The norm induced by an inner product

Def.: Let V be an inner product space with inner product (-, -).
The norm induced by the inner product is the function
| %] : V — Rsq defined by ||v]| := /{v, v)
Facts:
» |lv||>0and v=0 < ||v||=0
> Jlav] = fa] - V]
» Triangle inequality ||vi + v2f| < ||v]| + || v2]]
Ex:
» V =C" with (z,w) = z'w

n n
> |zl = \/lef = \/21 |zi[?
i= i=
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CauchySchwarz inequality

Th.: Let V be an inner product space with inner product (-, )
and induced norm || x ||. Then:

[ oy <A - Iy
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CauchySchwarz inequality

Th.: Let V be an inner product space with inner product (-, )
and induced norm || x ||. Then:

[ oy <A - Iy

Ex. Let a1,...a, € R. Prove
(a4 +ap)? <n(ai+--+a2)

n
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CauchySchwarz inequality

Th.: Let V be an inner product space with inner product (-, )
and induced norm || x ||. Then:

Oy <X iy
Ex. Let a1,...a, € R. Prove
(a4 +ap)? <n(ai+--+a2)
Sol: Look at V = R" with (x, y) = x'y. Define
x=(a1,...a,), y =(1,...,1). By CauchySchwarz inequality

| O y) P < lIx(1 -y lP
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CauchySchwarz inequality

Th.: Let V be an inner product space with inner product (-, )
and induced norm || x ||. Then:

Oy <X iy
Ex. Let a1,...a, € R. Prove
(a4 +ap)? <n(ai+--+a2)
Sol: Look at V = R" with (x, y) = x'y. Define
x=(a1,...a,), y =(1,...,1). By CauchySchwarz inequality

| O y) P < lIx(1 -y lP

(4 +an)’| < n(af +--- + &)

Achiya Bar-On Inner Product Space



GramSchmid process
B

£

£

V Inner product space
m: [v] = /v.v]

+ Norn

vectors u, e orthogonal
vector is normalized if (v.u) — 0 (Angle - 90 . CauchySchwarz nequaliy
i vl = 1 “Th. nonzero painwise orthogonal vectors I¢v.)] < vl ull

ar linearly independent

Normalizing a vector v # 0
is the process v - 17 SV sl othogonal st

2 2 Wiue :
Ex [0 s k|0 -2 1 i
: H “ eqfo)fo Far 5 V i g cmplen

“The angle 0 between two non-zero
Vectors v, u is cosf = pitl

St={veV:{v5)=0}
={(veV:{vu)=0 YueS}<

V i called orthonormal set if:

o/ Vo) \s,
Rem. 5* = [spans]

T RURGRE
\

B is orthogonal  orthonormal basis if:
B is a basis + orthogonaly/ orthonormal set
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Th. If0¢ S = {w,...,v,} orthogonal, then S linear
independent.

Prof: Assume .7, a;v; = 0.

Fix 1 <j < nand

0=(0,v)= <Zavm@> Za: Vi vj) = a5 (v, )

Since v; # 0, then a; =0
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Th.: If A€ R™" then [R(A)]: = N(A)
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Th.: If A€ R™" then [R(A)]* = N(A)
1 1

Ex. Letv=| 1 |,u=[ 1 | €R3 define S = {u,v}.
2 0

Find basis to S+.
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Th.: If A€ R™" then [R(A)]: = N(A)

1 1
Ex. Letv(l),u(l) € R3, define S = {u, v}.
2 0

Find basis to S*.
Sol. If A=

—_
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Gram-Schmidt process

Let V be an inner product space with inner product (-, -) and
induced norm || * ||.
GramSchmidt process:

» Input: Linearly independent set B = {vy,...,v,}

» Output: Orthogonal/Orthonormal set B’ = {wy,...,w,}
s.t. span(B) = span(B’)
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Gram-Schmidt process B ~~ B’

B={vi,....,v,},B' = {wy,...,w,}.

The Algo.
Wy =W
<vo,wi>

Wo o= V2= Tz M

R <v3,wp> V3, Wp >
Ws = V8 Tz M T Twem W2

W= v i—1 <vj,we>

P VY k=1 "J[wy]2 k
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Gram-Schmidt process B ~~ B’

B={vi,....,v,},B' = {wy,...,w,}.

The Algo.
Wy =W
i = S
vy S S,
Wi = Vi — .;'(_:11 <||V‘;;:|/|k2> Wi

B’ Orthogonal. Normalized each w; implies B’ Orthonormal.
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1 0 1
B={w=|1],w=1|1],vs=| 0 |} Perform
0 1 1

GramSchmidt, to obtain an orthogonal set of vectors

Wy = v;
0 1 -1
Wr = Vo — <\‘\/i/ﬂ/\12> wp = 1 — % ]. = % ].
1 0 2
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wo= e e
1 1 o -1
1 2 1
- 0 - 5 1 - (;3 5 1
1 0 2
1 -1
1 1
= T S N I B
2 2
4 2
1 1
4 2
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Now, {wy, wa, w3} Orthogonal.
1 -1 1

and {\% 1|, 1 —1 |} Orthonormal
0 2 1

Sl
Sl
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Corollaries and Properties

» |t is possible to start with w; = v,
» Every W < V has an orthonormal basis
» Foreach1 <t <n:

span({vi, ..., ve}) = span({w, ..., wi})
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