
x"cn zekxrn jynd
dxrd

.n xcqn zg` x"cnl ze`eeyn n ly zkxrnn xearl ozip cinz `l

zipbened x"cn zkxrn oexzt mekiq
oexztde ,~y′1, ...~y

′
n l"za zepexzt n `evnl epilr ~y′ (t) = A (t) ~y (t) zkxrn ozpida

.~y = C1~y1 + C2~y2 + ...+ Cn~yn .el`d zepexztd ly ix`pil sexiv didi illkd

.(ziceqi dvixhn Y )det

 ↑
~y1
↓
,
↑
~y2
↓
, ...

↑
~yn
↓

 = det (Y ) = W 6= 0 m` l"za ~y1, ...~yn

xehwe ~C


C1

C2

.

.

.

Cn

 xy`k ~y = Y ~C `ed illkd oexztd z` aezkl ztqep jxc

.miiyteg mireaw n ly dcenr
:~y1 = A~y + b dxevdn oexzt miytgn ipbened i`d dxwna

~y = Y (t) ~C (t)

~y′ = Y ′ (t)︸ ︷︷ ︸
=A(t)

~C (t) + Y (t) ~C ′ (t) = AY ~C + Y ~C ′

ipy cvn

A~y +~b = A (t)Y (t) ~C +~b (t)

jxhvp xeztl ick

Y (t) ~C (t) = ~b (t)

:l`nyn Y −1a litkp

~C ′ (t) = Y −1 (t)~b (t)

C (t) =

ˆ
Y −1 (t) b (t) dt+ ~K

`ed oexztd .

K1

.

.

.

Kn

 mireaw n ly xehwee `ed ~K xy`k

~y = Y (t) ~C (t) = Y (t)

(
~K +

ˆ
Y −1 (t) b (t) dt

)
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= Y (t)︸ ︷︷ ︸
yc

~K + Y (t)

ˆ
Y −1 (t) b (t) dt︸ ︷︷ ︸

yp

mireaw mincwn mr x"cn ly zkxrn
:(dreaw A ,ta dielz `lA)l"pk zipbened zkxrn gipp

~y′ = A~y

A~y = A~veλt :ipy cvn .~y′ = λ~veλt ⇐ (reaw xehwe ~v)~y = ~veλt ygpp
?~y′ = A~y izn

A~veλt = λ~veλt

A~v = λ~v

!oexzt ep`vn λ r"r mr A ly invr xehwe ~v m`

mireaw mincwna x"cn zkxrn zxiztl mzixebl`
λ1, λ2, ...λn :A ly r"rd lk z` `vn .1

:mixwn xtqn mpyi λj dpey r"r lk xear .2

I dxwn
.(cg` ixabl` ieaix = d`eeyna 1 zwfga riten)heyt iynn r"r λj

~vj = ~vj − eλjt oexzt dpape el jiiyy ~vj r"e `vnp

dnbec

(oiit`nd/ipiite`d mepiletd df det (λI −A))det (λI −A) = 0 `id zpiit`nd d`eeynd

det

[(
λ 0
0 λ

)
−
(
4 −3
8 −6

)]
= 0

det

(
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−8 λ+ 6

)
= 0

λ2 + 2λ = 0

λ′ (λ+ 2) = 0
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λ1,2 = 0,−2

:λ1 = 0 xear r"e ytgp

A~v = λ1~v ~v =

(
a
b

)

(λ1I −A)~v = ~C

(
−4 3
−8 6

)(
a
b

)
= 0

{
−4a+ 3b = 0
−8a+ 6b = 0

⇒ a =
3

4
b ⇒ ~v =

3

4
b

b


:dxevdn oexzt okle ~v =

(
3
4

)
r"e lawpe b = 4 gwip

(
3
4
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e0·t =

(
3
4

)
(
1
2

)
e−2t oexzt okle

(
1
2

)
r"e milawn λ2 = −2 xear

`ed illkd oexztd

~y = C1

(
3
4

)
+ C2

(
1
2

)
e−2t =

(
3 e−2t

4 2e−2t

)
︸ ︷︷ ︸

Y

·
(
C1

C2

)
︸ ︷︷ ︸

~C

II dxwn
~vj micenv miakexn r"e mdl `vnp .miheyt micenv miakexn r"r bef md λj+1e λj

.(dn`zda)~vj+1 = ~vje
:miakexn zepexzt ipy epl yi

~̃yj = ~vje
λjt

~̃vj+1 = ~vj+1e
λj+1t = ~vje

λjt = ~vjeλjt = ~̃yj
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:mdly "minkg" l"v gwip okl !miakexn ~̃yj+1 ,~̃yj la`

~yj =
1

2
~̃yj +

1

2
~̃yj+1 =

1

2
~̃yj +

1

2
~̃yj =

1

2

(
~̃yj + ~̃yj

)
= Re

(
~̃yj

)

~yj+1 =
1

2i
~̃yj −

1

2i
~̃yj+1 =

~̃yj − ~̃yj
2i

= Im

(
~̃yj

)

dnbec

~y′ =

1 0 0
2 1 −2
3 2 1

 ~y xezt

:det (λI −A = 0) `id zpiit`nd d`eeynd

det

λ− 1 0 0
−2 λ− 1 2
−3 −2 λ− 1

 =

dpey`x dxey itl gztp

= (λ− 1)

∣∣∣∣λ− 1 2
−2 λ− 1

∣∣∣∣+ 0 + 0 = 0

(λ− 1)
[
(λ− 1)

2
+ 4

]
= 0

(λ− 1)
(
λ2 − 2λ+ 5

)
= 0

λ1 = 1

λ2,3 =
2±

√
4− 20

2
=

2±
√
−16

2
=

2± 4i

2
= 1± 2i

micenv miakexn md λ2,3

λ = 1 xear

:~v =

a
b
c

 invr xehwe ytgp

A~v = 1~v
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(I −A)~v = 0

 0 0 0
−2 0 2
−3 −2 0

a
b
c

 =

0
0
0


−2a+ 2c = 0 ⇒ c = a

−3a− 2b = 0

2b = −3a

b = −
3

2
a

⇒ ~v =


a

−
3

2
a

a


 2
−3
2

 et ihxt oexzt epl yi .~v1 =

 2
−3
2

 r"e lawpe a = 2 epizeigepl gwip

(ely cenva mb lthl mrh oi`)λ = 1 + 2i xear

(λI −A)~v = ~0

 2i 0 0
−2 2i 2
−3 −2 2i

a
b
c

 =

0
0
0


 2ia = 0 ⇒ a = 0

2ib+ 2c = 0
−2b+ 2ic = 0

2b = 2ic

b = ic
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`ed oexzt okle ~v =

0
i
1

 r"e lawpe c = 1 gwip .~v =

0
ic
c

 lawp

0
i
1

 e(1+2i)t =

0
i
1

 ete2it =

0
i
1
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0
i
1
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 0
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 =

 0
−et sin 2t
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+ i
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et cos 2t
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
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−3
2
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 0
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+ C3
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
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Y =

 2et 0 0
−3et −et sin 2t et cos 2t
2et et cos 2t et sin t



III dxwn
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dnbec

~y′ =

(
1 0
0 1

)
~y
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= 1~v

(
1 0
0 1

)
~v = ~v

I~v = ~v
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~v1 =

(
1
0

)
⇒

(
1
0

)
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~v2 =

(
0
1

)
⇒

(
0
1

)
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IV dxwn
ytgl mikixv .(m ≥ixhne`b ieaix)r"e mn zegt el yi la` m > 1 ixabl` ieaix λjl

dxevdn oexzt

eλt
(
~v0 + ~v1t+ ...+ ~vmtm−1

)

dnbec

~y′ =

(
2 1
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)
~y

!cala λ = 2 r"r

a = 1 gwip .~v =

(
a
0

)
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(
a
b

)
⇐

(
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)
~v =

(
0
0

)
r"e

!edfe ~v =

(
1
0

)
r"e lawpe

dxevdn oexzt ytgp

~y = e2t
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a
b

)
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(
c
d
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= e2t

(
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bt+ d

)

~y′ = e2t
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(
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)
b = 0, a = d
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(
t
1

)
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(
at
a

)
sqep oexzt milawn

~y = C1

(
1
0

)
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(
t
1

)
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