
zeiwlg zexfbp
dxcbd

~p ∈(interior, zinipt dcewp) idz .(divwpet)f : Ω → R idz .megz Ω ⊆ Rn idi
.~p = (p1, ...pm) onqp .int (Ω)

~p dcewpa f ly (xk dpzyn itl ziwlgd zxfbpd ,e`) zikd ziwlgd zxfbpd

:jk xcbeze f ′
xk

(~p) e`
∂f

2xk
(~p) i"r oneqz

∂f

2xk
(~p) = lim

h→0

f (p1, ...pk + h, ...pn)− f (~p)

h

dxcbd
fi : Ω → Ref = (f1, ...fm) xicbp .divwpet f : Ω → Rm idz .megz Ω ⊆ Rn idi

.1 ≤ i ≤ m lkl
:f ly xk dpzyn itl ziwlgd zxfbpd

∂f

2xk
(~p) :=

(
∂f1

∂xk
(~p) , ...

∂fm

∂xk
(~p)

)

xaqd

.mireawk i 6= k xy`k xi mipzynd x`y lkl qgiizdl k ziwlg zxbfpa dpeekd

1 dnbec

f (x, y, z) =

(
x

y

)z

ly oey`x xcqn zeiwlgd zexfbpd lk z` `vn

oexzt

:f (x, y, z) = xz
1

yz
:jk divwpetd z` meyxp

f ′
x =

[
xz 1

yz

]′
x

=
1

yz
[xz]

′
=

1

yz
zxz−1

f ′
y = −z

1

yz−1
xz

1



f ′
z =

[(
x

y

)z]′

=

(
x

y

)z

ln

(
x

y

)

a dnbec
l"pd divwpetd xear dcewp lka zeiwlgd zexfbpd z` ayg

f (x, y) =


x3

x2 + y2
(x, y) 6= (0, 0)

0 (x, y) = (0, 0)

oexzt

(0, 0) dcewpl htx xefbp dligz

f ′
x =

[
x3

x2 + y2

]′
x

=
3x2

(
x2 + y2

)
− 2x · x3

(x2 + y2)
2 =

x4 + 3x2y2

(x2 + y2)
2

f ′
y = x3

(
1

x2 + y2

)′

y

= −x3 1

(x2 + y2)
22y = −

2x3y

(x2 + y2)
2

dziid `l divwpetd m` ik xikfp .(0, 0) hxt dcewp lkl zeaeh l"pd zexfbpd izy
:dxcbdd itl xefbp eply dxwna .dxifb dpi`y xexa f` (0, 0)a dtivx

f ′
x (0, 0) =

f (0 + h, 0)− f (0, 0)

h
= lim

h→0

f (h, 0)− f (0, 0)

h
= lim

h→0

h3

h2
− 0

h
= 1

f ′
y (0, 0) = lim

h→0

f (0, 0 + h)− f (0, 0)

h
= lim

h→0

0

02 + h2
− 0

h
= 0

.f ′
y xear dnec ote`a ,f ′

x =


x2
(
x2 + 3y2

)
(x2 + y2)

2 (x, y) 6= (0, 0)

1 (x, y) = (0, 0)

:mekiql okle

3 dnbec

:mi`ad mitirqd lr epr .g (x, y) =


x4 − y4

x4 + y4
(x, y) 6= (0, 0)

0 (x, y) = (0, 0)

divwpetd dpezp
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(0, 0) dcewpa dtivx g (x, y) m`d .`

:y = kx davda ynzyp okle mieey dpkne dpen zbxc

lim
x→ 0
y = kx

x4 − y4

x4 + y4
= lim

x→0

x4 − k4x4

x4 + k4x4
=

1− k4

1 + k4

!miiw epi` leabd okle

(x, y) 6= (0, 0) xear g′y (x, y) z`e g
′
x (x, y) z` eayg .a

:zeiwlg zexfbp `evnl dpeekd

g′x =
4x3

(
x4 + y4

)
− 4x3

(
x4 − y3

)
(x4 + y4)

2

g′y =
− xy3

(
x4 + y4

)
− xy3

(
x4 − y4

)
(x4 + y4)

2 =
− 8x4y2

[x4 + y4]
2

ayg ok m` ,zeniiw g′y (0, 0)e g
′
x (0, 0) zexfbpd m`d .b

:dxcbdd itl xefbp

g′x (0, 0) = lim
h→0

g (h, 0)− g (0, 0)

h
= lim

h→0

h4 − 04

h4 + 04
− 0

h
= lim

h→0

1

h
= not exists (±∞)

g′y (0, 0) = lim
h→0

− h4

h4
− 0

h
= lim

h→0
−
1

h
= not exists

?dtivx g′x m`d .c

.leabd miiw `l (0, 0) dcewpa ik !`ly xexa

`id m`d mihilgne qt`l 'a sirq z` miti`yn epiid leabd miiw ok m` :dxrd
.dtivx

zeilia`ivpxtic
dxcbd

.xehwe ~h ∈ Rn idie ~p ∈ int (Ω) idz .divwpet f : Ω→ Rm idz .megz Ω ⊆ Rn idi
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jk L : Rn → Rm ix`pil xehxte` miiw m` p dcewpa zilia`ivpxtic z`xwp f
y

f
(
~p+ ~h

)
− f (~p) = L

(
~h
)
+ o

(
‖~h‖
)

.L = dfp mipnqne ~p dcewpa f ly l`ivpxitd mi`xew Ll

zxekfz

m` f (x) = o (g (x)) mipnqne g (x) ly divwpet ly ohw "e`" `id divipety mixne`

:`ad ote`a dvixhn i"r dfp z` bviip . lim
x→0

f (x)

g (x)
= 0

dfp

(
~h
)
=

 f ′
1x1

(p) · · · f ′
1xn

(p)
...

. . .
...

f ′
mx1

(p) · · · f ′
mxn(p)


zg` dxey wx yi f` m = 1 m` .o`iaewri e` iaew'b zvixhn z`xwp ef dvixhn

.f ly hp`icxbl dpeekd .∇f (p) i"r xehxte`d z` onqp f`e dvixhna

4 dnbec
f (x, y) =

(
xy, x2y, x3y3

)
xy`k f : R2 → R3 ly l`ivpxtcd z` e`vn

oexzt

f = (f1, f2, f3) ik f1 = xy, f2 = x2y, f3 = x3y3 :onqp

:zeiwlgd zexfbpd

f ′
1x = y, f ′

1y = x

f ′
2x = 2xy, y, f ′

2y = x2

f ′
3x = 3x3y3, f ′

3y = 3x3y3

:`ed l`ivpxticd okle .~h = (h1, h2)a onqp ,~h ∈ R2 illk xehwee xgap

df(x,y)

(
~h
)
=

 y x
2xy x2

3x2y3 3x3y2

(h1

h2

)

zeilia`ivpxtic ze`xdl ick

lim
h→0

f
(
p+ ~h

)
− f (p)− L (h)

‖h‖
= 0 ze`xl witqn ~p dcewpa

4



xaqd

f (p+ h)− f (p) = L (h) + o (‖h‖)

f (p+ h)− f (p)− L (h) = o (‖h‖)

0←
o (‖h‖)
‖h‖

,0← ‖h‖ xy`ky xexa .‖h‖a d`eeynd lk z` wlgp

f (p+ h)− f (p)− L (h)

‖h‖
=

o (‖h‖)
‖h‖

!qt`l h z` si`yp

5 dnbec
!z`f d`x` ok m` ?(0, 0)a zilia`ivpxtic f (x, y) = 3x2y + 4y2 m`d

oexzt

:zeiwlg zexfbp aygp

f ′
x = 6xy, f ′

y = 3x2 + 8y

(0, 0) dcewpa eywia

f ′
x (0, 0) = 0, f ′

y (0, 0) = 0

okle

∇f (0, 0) = (0, 0)

leabd z` aygl x`yp .‖h‖ =
√
h2
1 + h2

2 ik xexa .~h = (h1, h2) onqp eply dxwna
((0, 0) eply dxwna β):`ad

lim
(h1,h2)→(0,0)

f (0 + h1, 0 + h2)− f (0, 0)−
(
0 0

)(h1

h2

)
√
h2
1 + h2

2

= lim
(h1,h2)→(0,0)

f (h1, h2)− f (0, 0)− (0h1 +−h2)√
h2
1 + h2

2

= lim
(h1,h2→0)

3h2
1h2 + 4h2

2√
h2
1 + h2

2

:qt`l s`ey dfy uieecpqd htyn zxfra gikep

0 ≤

∣∣∣∣∣3h2
1h2 + 4h2

2√
h2
1 + h2

2

∣∣∣∣∣ ≤ 3h2
1 |h2|+ 4h2

2√
h2
1 + h2

2

≤
3
(
h2
1 + h2

2

)
|h2|+ 4

(
h2
1 + h2

2

)√
h2
1 + h2

2

= 3
√

h2
1 + h2

2 |h2|+ 4
√

h2
1 + h2

2 → 0

(0, 0)a zilia`ivpxtic divwpetd okle
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zeilia`ivpxtice zeiwlg zexfbp iabl millk
.zilia`ivpxtic ⇐ zetivxe zeniiw zeiwlgd zexfbpd m` (`)

.zetivx gxkda `l la` zeiwlg zexfbpd f` zilia`ivpxtic divwpetd m` (a)

.dtivx gxkda `id f` zilia`ivpxtic divwpetd m` (b)
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