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Lecturers: Prof. Uzi Vishne and Prof. Michael Megrel
Teaching assistants: Tomer Bauer and Guy Blachar
Instructions:

¢ Provide a full and detailed solution to all three questions.

e Write your answer on the exam form. You may use both sides of the
paper. The draft notebook will not be checked.

Total time: 90 minutes.

The total score exceeds 100, but the maximal grade in the quiz is 100.

Other resources: You may use a simple calculator.

* You may answer in English or Hebrew, as you wish.

Good Luck!
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Question 1. Let G be a group acting on a set X.
a. (15 pts) Prove that G acts on the power set P(X) by
gxA={g*xx|xec A}
forany A € P(X)and g € G.

b. (15 pts) Consider the case where G = Ss and X = {1,...,8} with the
usual action. Find the size of the orbit for the element {2,1,8} € P(X)
under the action defined in the previous item. Justify your answer.
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YTNN OO 1P . € X-1g € G930 gxx € X »D 25 DWY .NITIN 29D NN N
200 NI NOWaNY oM g x A € P(X) s .gx A C X vy
:A € P(X) 95 5y moromwav Y19 e € G 1PN AN 0D 1T
exA={exzr|zc A} Z{r|zcA}=A

nyd X 9y G 5V nwan 2aY exx = T-¥ I X INDNN 1MW YNNI TN
MTD g, h € G Y20

gx(hxA)=g*x{hxx|zec A} ={g*(h*z)]|ze A}
={(gh)*z |z € A} = (gh) x A

5w N9an 289 g x (h* ) = (gh) * - 752 NYNNVYN * JAIDNN PPV TUNRD
P(X) nsnapn by noyis G Yon oa X Yy G

OxT £ oxy NNz, y € X onvad oowy X = {1,...,8} Yy Sg bv nhyea 2
DN VDY DY N3P {2, 1, 8}-w nan (Y'NN P¥pna KI9) NIND T INY
D) RN, DNV
o%{2,1,8} ={0(2),0(1),0(8)}

m¥Ip~NN P71 v {2,1,8} Yv M1Y0Na VI DNV DIVN NVIYY DY NP NN
NRYNY DN NVIDY N2 NNIAP~NN 9O Nwynd X DY OIDN NvIdY NNl
NMAY o € S NMNN NINDD T N D IR NN {z, Y, 2} o Sdona



D901 NN ¥ I0) YD NN NN {2, 1, 8}-3 DYRY DI9DNN INY DN
qaon o x {2,1,8}F = {x,y,2} Y (Mo DD NN v MmO wy

. 2) =56 NN 8 DTN NP OV 3 TN MNIAPN~NN
SV A¥”NN ATOV 12¥N 0N 1Y ,ANINI-91DD1N VIAVYNI WHNNYNY IIRD ¥ NIV
oDy LS = (g) NI YoNNn ST 1PN 8! NN Sg Yw ATom 315! nn {2, 1,8}

TN DN DO DOV TY Y3 NI NN

NI NI NMANNN 1Y WY 2p 1TON 1NN G HONM PINTIN MNYRD p o .2 IIRY
H<G

JH| 2700 DRORSD Py 5) N
.Ce(H) = H »»woon ('(pr15) a
Jeonjg(a)] Mmnsn npbnn ST IR a € H Y39 N0 (P 15)

LCa(S)={geG|Vse S:gs=sg} nn S CGE nNNIAP~NN DY 120N NNN

Question 2. Let p be an odd prime, and let GG be a group of order 2p which
has a non-normal subgroup H < G.

a. (5 pts) Find the order |H]|.
b. (15 pts) Prove that C¢(H) = H.
c. (15 pts) For any a € H find the size of the conjugacy class |conj;(a)|.

Reminder: The centralizer ofasubset S C GisCg(S) ={g € G | Vs € S : gs = sg}.
H oo nanTnn 02 v PN O LG = Dy 00 NN AR NN

|G| = 2p Sv ©PONNN SNV VIYN 22D G HY 1TON DX PONY 27N H YW 170N N
P9 ,G-2 oM M {e} o0 1 AToNn NN NMann N L1, 2, p, 2p P on
,G 0 2p 9TON DTN NNANDTAN DN YN H-vw pmn cad [H| # 1
,%” = 2 OPTYND NN p VTOn NNANNN L|H| # 2p 199 ,G-1 1Onan om
JH| # p 3991, 10507 THn NN 2 OPTYRD NNANTNN NN PRIV D) 299
.DITON IRY N2HV 29Y |H| = 20 nHp YO0 Tua

q7on N 00 H = (a) 2 7o 135 .a # e Wwrd H = {e,a} oMpn qyon a5 .2
H R 95 oy oaonnn N2 ©RND 9, 0AR H 120 DN 199 pnvrd
H C Cq(H) ™
55 0y PN e-v Nan e € Ca(H) > M2 HWNd :MINK D772 N 1)
N 120N THRN NNIANNM ,NNIANTNN NN 120N 20 N) H-1 v1911 ,G-1 1N
W o) 70 .H C Ce(H) pon ,a DY 99000 OXTNA a qoNa (N0 IR
.m0 mpna Ca(H) = Ca(a) » prond
2-2 pOHnnnn 1o Co(H) < G »» 25 owy Co(H) C H nbsnn nnoin May
SAN BINMY VIYN 23D 2p N 2 NN Ce(H) Sv 1700 M5 (H < Ci(H) »)
|Ca(H)| =2135 vomm H w0 ,Co(H) = G oapy i ,|Co(H)| = 2p or
.Co(H) = H 51 mpwm



W .conjg(e) = {e} P9 ,Z(G) M5 v e 1NN LH-2 DIDR DY P D
N9 DN conjg(e)] =1 M9 g € G 939 geg™! = gg™! = e v 2wN 12
.G-2 7o H-v bapn H C Z(G) w2 ,a € Z(G) » on»
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Jeonjg(a)| = 2 = p 199 |H| = 2 mawn 12 NN eyon 299 070)
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1 7o x S3 — Zg (D0MPAN) 150N NYP 93790 (") 20) N

g1 Ung x Ay — Aqp (©09MMN0) V2w 07p AN (P A
U A Aqp (D ) n ("m3 20)
2P9N NP2 NN Ay 01PN Aqa-D NV NNONND

Question 3.

a. (20 pts)
Disprove: There exists a projection (epimorphism) f: Za x S3 — Zg.

b. (20 pts)
Prove: There exists an embedding (monomorphism) f: Ujs x Ay — Aj1.
Finding an embedding to A, instead of A;; will grant you a partial credit.
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DNVINMOND VIYN 290 im f = Zg V192 D f NOVN NPPPY NYHVA NP X
P03 NURIN

|Zo x S3/ker f| = |im f| = |Zg]
19 .[S3] = 3! =6-1|Z,| =n 0 00 ™
Zs x S5 =26 = |Z| [ker f| = 6 ker f|

NIPR .TPONII NNIANTNN THN XD DPONMIMN W Py |ker f| = 2 9>
NN WAND P90N 129 NMWUNI ATON NIN D ,1OPN NMANTNN NN PYIn M
TPONMIPN KD OMP2X0 NINNY 217291 ,2 TN DIDN T DY MINN MNINN~NN
Zg-9

0PN 2 TN (a,b) € Zg x Sz DIDND

o(a,b) = [o(a),o(b)] =2

NMaANN-NN .2 XN DN TAN MN9X ,2 NN OPONN b YW a DY ©T70N 1ON
SaN .7PONIM 0 XM 2 AToN NN (1, id) > Yy DN

((1,id)) = Zo x {id}



Zi-9 TPANMIDR NY 1991, 1YAN NN S5 AN Zg X S3/7o x {id} =2 S5 125
N9 a € Zg MWK (a, (1 7)) NIXN 0 0N 2 1TON DIDRN INY TPHIN NNIY
D DN T DY NIXNN NNANDTNN DAN .9n (i j) € S3-)

H= <(CL7 (Z .7))> = {(07id)’ (a7 (2 j)}

{1,2,3} = {i,7, k} ma .nT0XN5 NINID NPNY Nt 29D NN AR PN DPN
N (-0 -0 Wk moD)

(0, (@ k) (a, (i 4)(0, (i k))~" = (0, (i k))(a, (i /))(0, (i k)
0, (i k)@, (i k j)) = (a, (k j)) ¢ H

M f 50N PN YPY

DN IVN) 6 ITON DIDNR NV W Zg 1NN PRI TD DO ROV 1YW ,NINK TIT
55 5v N219NN 1NN N L2 ITON NIN PYDN NONYI 1D NOVNAY Nan (51 1
NMIAN2 .6-2 DPONNNN DITON DIDVN MY PPTA P IORD DIDNRD 2 THN
(1,(1 2 3)) oM BN DY P ¥ 6 ITON DN 22NN ITONN DIVRN Zg X S
NYON WD PR PN ORI DIDN NYIIN VT VAR (1, (1 3 2))

PSPNS M) A
fZ U14 X A4 — A11

NAOW 292 o) Ay — Aqp JPVD Op 0D 25 WY NN W NN f 9D oM
INY DR NYapm {1,2,3,4} Yy o md noyow Aj-1 nmnd o € Ay nHmn
0 NN 0 D, 1t NN X0 (o) O MIpnav m1a {5, ..., 11} omsonn
Una = {1,3,5,9,11,13} mw N [Urg| = p(14) =14 (1 — §) (1 — 1) = 6 nx 2w
30 Swno oy o0 Uy NMaND 2R .14-5 o D)I0pY D19010N DNY
TPOAN NNAN DOV DD NN NNE MNID NINN TIT .(DT2D) NN D8 5 IN
22N (O 6 090Y) 2 TN @ TN N2 DYP 0D HVNY [ Zg-Y ONMIPN 6 1TON
.6 97O NN ab D ©aAVYNM (2 IR 1 ITON DIDNN YOV PN RY D) 3 1TON b
P N OPSNIMINAY T .3 NN 292 yapy Uy mMNNY DV IMIMIN 93 129
P17 0N 6 9TON OIDNRN A7 NMANA .6 TN TR 3 NN NMOYY Proaun ynn
DM X (3,2) DINNK NN MMNN PV L(3,2,2) ©NHN MDD MNNIN
NN N2 NN PN 6 TINRD

NN NYVINY PPN TN

fla,0) = (o)
mMTa0 v o P Uy — Ay Ay — A v DY nadan N
NN NNOYND M IORD NN Y DY MNNNNY
NN Y Uy < Sg 122W 079 157P 0awn 295 150 ,INY 19PN NoNN May
5909 1) Nyd LAg-a nwn Uy 1Y > 2 939 5, — Anpg OV DY
oY PUNIN o3 {1,...,8} by o rad Ag x Ay — Ajp 21W Oy NNt
2wn 2571 {9,10, 11,12}



