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a,b, c € 935 M1 .(associativity ,nPYNON) NP NP S Oy MINYA
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axb=>0n5y9n oy X n¥ap 000N W 00 [ Z 1.2 DNt
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TR AN N PR D

PR NN M-2 N 920X 00 MINAD O NN M o 1.6 WD
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MDD aba DY 09NN ¢ Y NN
abac = caba = e

DYPNM TON a VI .a DV I I bac-) ,a DV ONNY ONN NN cab 12O
DY O”PNN 125 .cab = bac

(aca)b = a(cab) = a(bac) = e = (cab)a = (bac)a = b(aca)
.b DV MM YONNY DN aca D PPONY 1IN
IONDYN TN 1PNV P AN NN I WY TR O»”p ONN L1.10 99391

X-n Mmpnynn Nap Sy 5ono) .aap X XN O TR M) D0 NN
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Ad MmN npnyn XN 3 TN

’92) DY NPNPNON ON PN D9NN LYNNN NPSPNON 0N DNNYN 0229100
M0 NYNo X NN N2 ON NP DN (11220 INDIN AT NPPONNN ONPN

NIV PIPNON YNN NPRY DY pEpNg Nwnd Hp X = N Svund npry oN
9aN u(n) = n+ 1 5vnd ,pm 09N v it 8PNY .d(n) = max(1,n — 1) NN
IRNDYVND TN NY PR

M¥APN~NN 935w P (X)) n¥apn (X, ) xR 955510 ()nann) 1.11 990
TPNTIPIN D950 NOWAd DN NI NP THIN X DY M KON

AeB={a-blac Abe B}
(Pu(X), ®)-2 D900 DIDND DN D INND)

DN NN e IWND) {e} NXR NDON NN INTY NP PR P (X) nxapn wono
NDP NNYON D PITAD Op  .NIMD 2V NI e Mo (X DV DTN
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NI DTV 92) 7995 oy NMp I .M2ND ova man Z, Q. R, C .1.15 hnxne
L0995 TNIM NN NNAN

0 NN N2 DTN APRY DNIAN NN (nZ,+) D 07PN n € Z 535 .1.16 At
Oy TIONN M N .—a PPV a DY 229NN IDNRN NN DD 22PN >NN PNd3
N2ND DN OTII D90N DY IDMN IVINND

OMIDN O a, b € M vy PR M o (D02900 ©IRN NNAN) 1.17 HY1N
NI 209NN VNN DN LCTPRINNA TON NN a - b DY XN ,D9N 0N a,b ON
NI NP NN TRIIN DI9NN DIDRA 93 GON DY (a-b) =01 a™!
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WYY 9NN NNIAND PRI NN

U(M,(R)) = GL,(R) = {A € M,(R)|det A # 0}
.(General Linear group) R Syn (n N5ynn) m7750 MMRMID N3N OONNP

NV 952v F NTYUN Syn NYAOD»NN MNIvnn qoir NN Mg (F)-2 190y anx

N2WAY IO .DANND NNVYY DR DY MDD I90N P 1D W DTNy YO

M0 O) MNIND PIAY) NNIAN WRY PROMY MG(F) nx ndo9n 5950
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PN IN) IR NN sk G X G — G 7ompn=IT N0 D NN L1.20 NN
(G,*%) OR .a*xb =Db*a OpnN a,b € G DIVN NV YO OXR (commutative
NIPIIWVIND (TN INR) IR DN3N NN G NI, TPHIAN NN DD 1NN

.(Niels Henrik Abel) Sax 0 ©5) Sv mv Sy

n > 1 My oax IR (GL,(F),-) nmann 1w F o 1,21 it
JPOAN NMAN XIN NDDIN OXNOPY NN N2 OY TR Voo ann .1.22 T

NN G N L2 =1 o7pn 2 € G999 orv IoN .aMan G onn L1.23 990
JPOaN NMan

199 (ab)® = a? = b? =153 a,b € G 535 DPPIN PN P NN
abab = (ab)?> =1=1-1=a%-b* = aabb

22PN ,b SV 09N P TN a DY 09N DRV TN DYDY IMPYN NN D29D)
[l JPOAN NMAN G Y99 02N A 900 o»pnn Mt ba = ab

W IR, DPODN D05 AT )0 MDAV I2yNN DD NAIN OINN .1.24 DWW
ADPEPNS NADTIM MPIVN DD PI) NVNN PRY TIND NVPMYNYN MY
N2 MZYHN 0505 MYa YMN DX PAND NN MNIAND NNNI MIVHIN NNKN

JYa> N N5 XY TR L(NMAN NITHINN PON) NPNDP THN MPNN NPT

.ab = ba OR DO a,b € G OIDR MYV NN .AMan G 0NN L1.25 DN
NY G NMIAN DY DN NN DT

Z(G)={g9 € G|Yh e G, gh=hg}
.G 72N 9D DY DaONNNY G-2 DIDRN DD DY qGODIND N 1INT

MNRINS ©9 ONN OXD .Z(G) = G OX P OXR YR 00 G NNaN .1.26 NNt
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NY IV 2

099010 NINY Nan 2.1

T k € Z ©»p DX b W PIND a D NN .ONOY D900 a,b v 2.1 DTN
.—5[10 SonY .alb yaon ka = b-v
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MNva NPNAN .d-2 n IR DPONN IWRD "NMp " AR Y0 vaVHNN
AINvY) remainder-) (M) quotient t”yon NYHHN VAVYHNI OIVNIN

greatest ;1"010) Y3IDD MVHD PINODD 12, M DOV DIADN 2DV 1N 2.3 NN
79010 NPNY TN 0NdY (divisor common

ged(n,m) =max{d € N : d|n Ad|lm}

(n,m) =1 o ®W% n,m > MNI .(6,10) = 2 Svnd .(n,m) P IV DY
.0 0N 5-) 2 Swnd

b-Y a 5V OINYO PN Y5 PONn d N Ld|b DN d|a DX .2.4 YWD
(n,m) = (m,r) W ,n = qgm+r DN .2.5 WYV

D91 NN .d|m BN d|n 2 ©YTY DN .d = (m, 1) 229" ,d = (n,m) D) .DNW
A < (myr) 9op oM Jdlr =n — gm I n,m OV OIRYY MPND T NN PNND
SV INYY NPY NI 10D (m,r)|n P9 (m,r)|m o3 (m,r)|r DTN 295 nyd
D MOVP YO0 T (m,r) < d R (m,r)n O (m,r)|m D WP DN am, T
O A= (m,r)

(n,m) = (m,n) = (£n, £m) 0PPNN NN .2.6 WY

THYOI N VIDW HMY3 Y"oD IRYD? "YONoR (OTOPIN DNPINONR) 2.7 Vavn
DR .ADTHIPD WD 97 0 < m < 7 MHD? M DTIPIR DIMMIR R 2.5
Y YVON 0 <7 < m WRD o= gm + 7 3D MR (n,m) =n W ,m =0

(ASYRT 3PN DIMNIRD D72 WD) (n,m) = (m, )

DTOPIN ONPINON NNYA 47-) 53 SV n’nnn NN 2vN) .2.8 AnnT

(53,47) = [53 = 1 - 47 + 6]
(47,6) = [47=1T7-6+ 5]
(6,5)=[6=1-5+1]
(5,1)=[5=5-1+0]
(1,0) =1

0 DNV D990 MY N9D ANNT I ¥ ON)

(224, 63) = [224 = 3 - 63 + 35]
(63,35) = [63 = 1 - 35 + 28]
(35,28) = [35 = 1-28 + 7]

(28,7) = [28 =4 -7+ 0]
(7,0) =7

NITO2 AP 190N NIAY YAPN’ DNPINIONI INPA 2970 O2AOVN 1901 ,2INX NIYND
RO} mbla)



DOPNY @, b #£ 0 DWW BIODY 7 .0V INRDY NP N'INN PON) 2.9 Vawn
AD)
(a,b) = min{au+ bv € N|u,v € Z}
3 W) (a, b) = sa + th-w 3D s, € Z DYMY 0103
NX12P2 1NN .OHNOW
Sap = {ua+vblu,v e Z}

N YOPN YN N9ONN d > D € S, DYNO 0D NPT NN S, 2D 10 OV
S-a

19 s,t € Z oop R ,d € Sup-v MM .d = (a,b) »> MNIND I DX
O <7r<dawnd a=qd+r 29apn IRV 0Y d-2 a DX PONY .d = sa + tb-v
O”PNN NY>

r=a—qd=a—q(sa+tb) =(1—gqs)a+1tb € Sup

[dla M55 .1 = 0 n1dNa 199 ,5,5-2 1IN YOPN OYA0N WD d 0D NINN VAN
on (a,b) |a 3w T80 .d < (a,b) yan n”nnn TN 195 .d|b 9ap) NMT 19IND
PN L(a,b) |d 0792 b SV a YV INYO NN 91 o3 PO (a,b) P9 L(a,b) |b
(a,b) = d »o2p Y51 701 .(a,b) < d

.ged(a, b) = ged(a — b, b)-w PN 591 ,a > b > 0 NIND I :NADN NN
M oOYPpIM a=>b=1May

ged(a,b) =1=1-140-1

ON .a + b= m M2y NN NNV NN .a+ b < m 93 MNAY NN MYLIY NN
WwW,a=>
ged(a,b) =1-a+0-b=a

199 .a — b, b May N2y I;TYRN PN ged(a, b) = ged(a — b, b) NN
ged(a,b) = s(a—b) +th = sa+ (t — s)b
0 NTTD INRYD PPN

nZ = {0,£n,£2n, ... }-2 190 MN9dN DR POY .0 € Z 1 .(HYTY) 2.10 WD
"D PONY YO0 IR vavndn 1 47 ={...,—12,—-8,—4,0,4,8,12,...} Yeond
(a,b) |z 2 0”pm z € S, 9359 19v ,S, = (a,b) Z

.ale 22 WAN albe o0 (a,b) = 1-v 75 DOV ©I9DN a, b, ¢ PV .2.11 999D

c-1 2°92) .1 = sa + th-v T2 s,t DNIOP PINYD NN NNNN PON 290 WINO
IS Lal (sac + the) 135 .altbe ©Y 2NN 29D alsac *d M2 ¢ = sac+ the DapN
.ale
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plc W plb s plbc BN MWK p DX .2.12 MIPON
ple oMPN 93300 299 ,(p,b) = 1 199 pt b ,NINK 1IP0I ,p|b DX NN

2735 PINYY NPND NNNN DX OWIANYI 5, ¢ ONTPNN NN NINDD 17D .2.13 NPNT
2NN DTIPIR DIMNIRI YNNI

(234,61) = [234=3-61+51 = 51 = 234 — 3 - 61]
(61,51) = [s1=151+10 = 10 =61 — 1-51 = 61 — 1 - (234 —3-61) = —1- 234 + 4 - 61]
(51,10) = [s1=51041 = 1 =51 — 510 = 51 — 5- (—1- 234+ 4 - 61) = 6 - 234 — 23 - 61]
(10,1) = 1

5= 6,t=—23 93 .(234,61) = 1 = 6- 234 — 23 - 61 199
0"0N SV MNON .2.14 YV

e]ld 7N eln on elm-v T3 e M d = (n,m) N> N

.a #0939 (an,am) = |al (n,m) .2
DN

NPY NN O) PO NIN N ,eln, m-Y WD .d = sn + tm-v 10 s,1 OP»P N
.d DN N sn 4 tm DNOY IR

O (r>an 5ann Pon) A

Sv n"Mnn d o .DM90N M INYY NN PTIND IWIN L(NaD) 2.15 AYNRY
$1M1 + DMYPNN Sq, ..., S, DMOY D900 DIPPY NI N, ..., N, DIONN
KOy oSpIIN ) 4 spn = d

nla—b OR N AN DNYPY 0N a,b € Z >0 N 2yav 19uN 1 O .2.16 N1
a” PNt RIPN a = b (mod n) NNt YOI .a = b+ kn-v 10 k € Z 0»p >
Jn oymn b-5 Hpv

MYINRNN HYY MIPYN MPONNY MPPY DN NN n IOTIN MIPY .2.17 HYV
ON 972190 .20 DTN 1 TN NN DD .n-2 790N DY NIPIdNN NPINYD
a+c=b+d (modn) oy ac=bd (mod n) W ,a=b,c=d (mod n)

1333333 5 NNAINRN NT90N NN INYD .2.18 999N

25 vy N (mod 10) X0 N 19901 S¥ NNINKRD 17900 ,7PNIVYN DOV NN
199 333 =3 (mod 10)

3333 _ g4:83+1 _ (34)83 .3=281%.3=1%.3 (mod 10)
33333 =3%3 =3 (mod 10)

34 9n2) T 19 Twnna L3 NN NNINKA NN90NY INOM)
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T oMY a,b € Z % MR DN 1, m BR L((18¥-1D) 210N NPINYD VAYN) 2.19 vavn
) 2 =0 (mod m) ;= a (mod n)-v I nm MY MPPY 1T Ty DM

N9 T sn+tm = 1-v 73 5,1 € Z nrp AR ,(n,m) = 1-¥ 290 2ndW
DYPIM .bsn + atm-2 INAN) VOYNIA WD T SV DR

bsn+atm=atm=a-1=a (mod n)
bsn+atm=bsn=0b-1=0b (mod m)

NN k€ Z 930 &' = x4 kmn D) D MY 2IVAN INS XN = = bsn + atm 1IN
9PN PINS
v (a,b) M 935 2NVYIMP NYVI YONYI nm NTIN T DY MTN MNIND 7T
0 TIN) (a,b) ©@NY NN nm "N DIV .M INTIN IO DRINN (TAX MNAD) =
VNN PSPND NN NN INRNNN (nm INTI) 2-D DPIVIN DY nm P D) (nm
D»P OX :NINK TIT DY D) NN DIRNNN 199 ,INXY NNV NPND MNP P2
3 92P) (n,m) = 1 PN .mjz — y ON njr — y IN ,MYON NN DPPRN ¥ 190N
O (Zyy X Ly = Ly, ©3 IR TIYI) . =y (mod nm) 99 nm|x —y

DT =2 (mod 5) on z = 1 (mod 3)-v 75 z € Z N8N .2.20 "Nt
Ss=—Lt=2mn=5m=3mnpna .—1-5+2-3=1199,5,3)=1
OPPI PR .2 = 1-(=5)4+2-6 =7 AKX 7INIY IWIX 2PDN NPINYN LIVYN 99
7 =2 (mod 5) on 7=1 (mod 3)

MNNVN) MAN NIIYNY DY DD NN 2H9D INY NIN 2PDN NPINYD VIWN
00T MD>pY SV

NN DIND BHYIV DNODY WIY {1, ..., Mg} KON ()3T ¥ DN) 2.21 vawn
MY DR3P YNNI 772-3 DRIV AR 1VD) (O RID DHIP3 DNODY M 70 WV)
WINO DNIVD 72 AT 2 DN MWW My {a; (modm;) |1 < i < k} nminw v
TRNYOD NIWYD?

r=a; (mod m)

x =a; (mod my)

y=3omy =2 (modb) ,y =1 (mod 3)-v-v 75 y € Z N¥0) .2.22 NNt
SV NODIN D TY D) NI NOTIPN NONTN W y = 7 PNIN9NY 25 v (mod 7)
MXNWNN SNY IR PY (15 = 0 (mod 5) on 15 = 0 (mod 3) ) 3-5 = 15
Yy =7 (mod 15) nNx AXNWNL PONNY y) y = 2 (mod 5) ,y = 1 (mod 3)
MY NDNA PPON NPIRYN LIVYNI WHNYND IWaN 199 (15,7) = 1 >0 25 oW

QN9 MM y = 52 00 P TA MIRNYN

TIMOD NOTWOD DNOON 7, M OOV O2I9DN Y YN .(M2D) 2.23 NN
nrno T 0NdY (least common multiple ,1n"1n5)

lem(n,m) = min{d € N : n|d A m|d}
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[2,5] = 10-1 [6,10] = 30 Swno .[n,m]| P73 oI 595 7772
0N 5V NNON .2.24 WHYV

[n,m]|a ™ ,nja ©N mla OX .N

16,4](6,4) =12-2=24 =64 5vn> .[n,m|(n,m) = |nm| 2

49K NNAM 1IN DOV NMAN 2.2

Ly = Y02 22PNV 0 INTIN MDPYN MPONN qOIN DY DOND) .2.25 NNt
npoNn IR oo onyad Z, = {[0],[1], (2], [3]} dwnd Z/nZ = {[a] |a € Z}
[a]+[b] = [a + b] M3tD .a VIVA WPNN NI IR DY ,a PO [a] MPPYN
M>PYn MPoNN QDX DY NOYION TPINRYI N2 NIN + 20N ONNY IR TUND
PN (NINKR MPPY NPONN DOV 1N NIN b-1 INR MPPY NPONN DV 1N NI a)
M»PYN NPoNN Sy ©O5NDN MINKRIY) OI9DN DV NN NDNN NV 1N Py
ANSDY a + b Nav

M2PYN MPONNDS PN N2 .TPOAR NNIAN NN (Zy,, +) O MINID IWIAN
[0] + [a] = [0+ a] = [a] >0 [0] 2N AN 2R Z, = {[0],[1],...,[n— 1]}
MNDNN NNY HY NPHIARM NPHIDVPAN MY NPHIARM NN NYVP ([a] 935
[n = a] NN [a] Sv 09N ANRD D2

1] AP 2R DY NPNDP MY M0 MY 2(Z,,+) 220 I 1) N
an (Zg, ) orn Z; = Zy, \ {[0]} y293 22990 PN [0]-5 05 nMan &Y n TN
P9 L,[0] € Zg naainn 0aY 2] [3] = [6] = [0] »5 9ap3y Z§ May Yund .n1ona RO
TR ORI TYNNA (NTHOXR R IDOXR WD) NINND NN IR (Z2,+)-2 Nowan
295N NR "8N5” VAN

5950 nowa »0 U,, = U(Zy, -) nvn (Euler) Y9 n3n NN 1) .2.26 1910
ATV

:([0] 99912 Yy PNV [0]-n 0OYNNI) Zg SW 9950 MO DX 132) .2.27 DINT

112131415
1111213415
21214]0(2]|4
313(013]03
414121042
(514321

P P1T20 22901 195 AN NOwN) 1 0MAY YoV DR 0N D¥I9NN OINN
ANy Hv 09NN NN [5] Mt napna Us = {[1], [5]} 995 (MM P3N mTny
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, M5 (n,m) =1 O8N PN ON [m] € U, IR .m € Z 1 (NNYINI) 2.28 TWHYV
M=D DRN OIADVRN 93 0N (Zy,, -) TRINNI D90

SN 4 tm = 1-¥ T2 s, DIPPY PRI im OV 209NN DR NINNDD TIT WO W
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POV ,INN OV NN DIDNRND NNV Wam NN 207 € D3 2R 2230 N

TOT =0

or=7to ! =107

JP9AN APN D3 22 ININ D) T2 .07 = 702 2D
on D,, "M2NX .8.4 DDW
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N DAN 2= 2 NIONa oY

o(ro*)o "t =(or)o=10"'o=7¢H
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{a,by = {a'VV |i,j € Z} 53p3
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JNOND NMIVON (7:) YI 7 INN 0900 1 DM LPNOYINP NORY T INNO
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sign(o) = (=1 e {1}
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DXMNN DV NY9ON NN g € A, 92 95N 702 .3 TN DMNN MY DY NDAON 1Y
LDINY NP N P 3 TINND

Ap IR DAY (1i7) nsnn 0nnn Napy nom n > 3 935 .8.32 ban

Sy N NANY (1) NNINNN DN NIAPY TID T MYL T WM
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NN ON) S, N NIXY (7,7 + 1) NN DNDNN NNIAPY TID ND1APNN MYV
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(nq - - - My N99592 NOYNON DIDNN) YD I9DN ¥ 120 .1PYAN N1 () -V 1910
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TPAD NN TPJMD NI NNIAN DD .NNNY OIPY NNY XY MPOIND VAN .2
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NNAP DY NMAN DY Nys 9.1

D>1IN NNIN .IXIAP DY DNYD DY NNYP NN NNIAND NP P2 >DDAN DTN
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oy MO AN X = Vantw G = F ox HYund .n¥apa 9NR 92K 9apN
F-2 22o8 29505 501 ,ma Nt V O92N DX 229012 1) XOW MAIND X ,NTYVN

DTV 9P Yaon it LV HY 9N Dap; Vo bw aNa
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x € XNV g he G (gh)xx=g*(hxx) .N
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P @(g): X — X 9 y'nn mspng oorm g 999 s . G — Sy

©(9192) = w(g1) © v(g2)

JINNINA 92D OTNI NINRTID L9.3 DT

VOYHN NNOINA NNV NDIYIN N NNNY DY NNAN DY DNNYH D950 DOV N
29 RO NI PR D9 nn (97

.DINYNN YV DOPTIRN DY NN Flxy, ..., xz,] 5y S, Sv nbyan .2
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qoND
(g1, 1) * ((g2, he) x ) = (g1, h1) * (gﬂhz_l) = glgthz_lhfl = (9192)$(h1h2)_1 =
= (9192, h1h2) *T = ((917 hl)(g2> h2)) * X

MY OO0 J9IND NDWH MPTHID RY MIANKD MNRNDNN VIZY 2D DINNY NN IWIDY
YO MPTIN VNN MNNDNN 95,19 G ORY 2D

NNAPN~NN NN £ € X DR DY Noon L X Dy G OV Ny 1nna L9.5 A0
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NN2NNNN NI 2 W 3N . € X o .9.6 DTN
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G, NN ANK 52PN PO .AMANTNN N NND 00D NIV IR

MY jorb(z) = Gr = G NN 99000 HNNwN 9950 NHYs MN1AY 9.7 NNt
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N9 vA0) ¢ YW ¥ P9 LG :stab(g)] = 2 APy 9.9 VYN 290 MO
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£ Y201 DTN DN ONYYD NYs oy v NNan L(Gx) N (G, -) @
0 Y2010 NN IR .90 NN DYy DNdYN onn (Z,+) °

0 Y01 DTN AN DN NN DY n € Z YY MNadn ,(nZ, +

,+)

VN .7 INTIN NN DY -2 NPINYIA PN SV M2 Py mpdnn (Z,,, +) ®
0] w0 ymon NN
1] w1 ymon AT AR 29T Y95 oy AR nan (U, )

1 Y200 NN AR 90 995 DY 1 ITON DTN YNV NNaN (2, ) @
YIDN DTN VDR DTV NND BY F nTv Sv nnn nnann (F )
0

1 ymon nren AN 0TY1 Y900 oy F nTv Hv moaon nann (FF ) e

TR MPION NN OY F DTV Oy 1o X n 9T mon (M, (F),+) e
.0, W0 Y200 TN

YI0N 995 0y n AT F Oyn Y500 manyon nann (GL,(F),:) e
YNON DTN DR LF DTV DY 1o X n DTN MOaN ME¥Ivn 0N DIDND
d, W T

0N D95 oY n AT F Syn nTnvnn arydHn nnann (SL,(F),) e
TN LF TV Syn 1 nvIrnavT 0y noxX n 9T MYPIvN 0N DIDRD
g, W T ymon nTren

Ad YMON NTRN DR LDPSPNS N3N OY MIVON NMaANA (S, )

JPNPNS NADIN OY (NPIRD MMNNN NNIAN IX) POYNN NNIAN ,(An, ) °
id ymon NN YN

Ad Y2101 NP DR NPXPNS N2 0y YT TN NMann (D, ) @
1 ymon AN AR 0vIoNPN nMan L(Qs, ) @

2YON PO NN VY 027 OIPNA N ,09D M - NIMDN N2 OXVY 2D Y
0pN2a OF YYND N e DIPNA e DIV DTN DN TIV MO WITND »TD ONdYD
FonTv Ov momaonn nmana nren 2R M1y 0
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