
12 d`vxd - mitxbd zxez2012 x`epia 22 mewd xeriyl dnlyd:ly zepky zvixhn ly (r"r sqe`) mexhwtq.G = Kn .1.n− 1 r"r mr r"e 
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.−1 r"r mr r"e `ed − (n− 1) `edy edylk g` xai` aln 1 eixai` lky xehwe lk
dim span {u1, ..., un−1} =y lawp− (n− 1) `ed ea i-d mewna aln 1 eixai` lky xehwed = ui onqp m`.n− 1.n− 1 ieaixa −1e 1 ieaixa n− 1 md AKn

ly r"r ,okl
spec (AKn

) = {{n− 1, −1, −1, ..., −1}} :zinin n diaew .2
G = K2 ×K2 × ...×K2 = K×n

2 :dxabl`n daer
spec (AG×H) = spec (AG) + spec (AH):lawp G = C4 = K2 ×K2 reaix xear ,lynl

spec (AC4
) = spec (AK2

) + spec (AK2
)

= {{−1, 1}}+ {{−1, 1}}

= {{−2, 0, 0, 2}} libxz?A×n
K2

ly r"rd dnoexzt.0 ≤ k ≤ n xy`k (

n
k

) ieaixa n− 2k md
1



dxbd.{v1, ..., vn} eiww 'awy oeekn `l sxb G idi.vjl vin zerlvd 'qn = (AG)ij xnelk ,G ly zepky zvixhn AG:G ly zebxd zvixhn xibp
DG =











dG (v1) 0
dG (v2)

. . .

0 dG (vn)









.zebxd dipeqkl`ay zipeqkl` dvixhn ef xnelk:G ly o`iqltld z` xibp
LG = DG −AG ze`nbe.G = K3 .1

DG =





2 0 0
0 2 0
0 0 2





AG =





0 1 1
1 0 1
1 1 0





LG =





2 −1 −1
−1 2 −1
−1 −1 2



 :ze`lel siqep .2
G =

1

2

3

DG =





3 0 0
0 2 0
0 0 4





AG =





1 1 1
1 0 1
1 1 2





LG =





2 −1 −1
−1 2 −1
−1 −1 2



 dxrd.(oze` xteq `l) ze`leln mlrzn o`iqltld.o`iqltld z` dpyn `l ze`lel ztqed \ zhnyd xnelk
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ztqep dnbe
G =

1

2

3 if`
LG =





1 −1 0
−1 3 −2
0 −2 2



 1 dprh.zixlebpiq dvixhn LG ,1 < xqn G sxb lkldgked.zixlebpiq `id okl 0 r"r mr r"e 
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xehwed okle 0-l deey dxey lk mekqhtyn:miiwzn n xqn G sxb lkl

rank (LG) = n− k (G) .zexiywd iaikx 'qn k (G) xy`kdgked:miiwzn n× n xqn A dvixhn lkl ,zix`pil dxabl`n reik
n− rank (A) = dimkerA.0 r"rl mi`znd invrd agxnd nin dfe.G sxbd ly zexiyw iaikx V 1, ..., V k eidi:jk 1 ≤ i ≤ k xear ui mixehwe xibp

ui
j =

{

1 vj ∈ V i

0 else 1 xfr zprh.0 r"r mr r"e `ed ui ,1 ≤ i ≤ k lkl:dnbe
G =

1

2

3

4 5

6

3



:if`
LG =

















2 0 0 0 0 0
0 2 0 0 0 0
0 0 2 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 0

















−

















0 2 0 0 0 0
2 0 0 0 0 0
0 0 0 1 1 0
0 0 1 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0

















=

















2 −2 0 0 0 0
−2 2 0 0 0 0
0 0 2 −1 −1 0
0 0 −1 1 0 0
0 0 −1 0 1 0
0 0 0 0 0 0















:mixehwede
u1 =

















1
1
0
0
0
0

















u2 =

















0
0
1
1
1
0

















u3 =

















0
0
0
0
0
1















.xg` welal qgiizn ui lke miwela zvixhn `id dvixhnd ik ,0 r"r mr miinvr mixehwe dl`er"r mr r"e mleke l"za u1, ..., uk mixehwed 'aw okl ai = 0 miiwzn i lkl f` ∑

aiu
i = 0 m`y xexa:okl 0

dim kerLG ≥ k .k ≥ dimkerLG ze`xdl xzep.u1, ..., uk i"r yxtp 0 r"r mr r"e lky ze`xdl witqn.zexiyw aikx lk lr reaw jxr lawn 0 r"r mr invr xehwe lky xnelk.LG ly 0 r"r mr r"e u idi.(zexiywd iaikx x`y lkl mi`xn dnea) V 1 lr reaw uy d`xp.V 1 = {v1, .., vr} k"da gipp.u1 = u2 = ... = ur l"v.M = max {u1, ..., ur} idi.u1 = M k"da gipp:okl 0 r"r mr r"e u
LG · u = 0̄

(LGu)1 = 0

dG (v1)u1 −

n
∑

i=2

a1iui = 0:okl .j > r xear a1i = 0 okl zexiyw aikx v1, ..., vr epgpd :zxekfz
dG (v1)u1 −

r
∑

i=2

a1iui = 0

dG (v1)u1 =
∑

vj∈NG(v1)

a1juj

4



.(eilr reaw uy xexae zexiywd aikxa g` ww wx yi f` ik) epniiq dG (v1) = 0 m`:dG (v1)a wlgp .dG (v1) 6= 0 gipp
u1 =

∑

vj∈NG(v1)

a1j
dG (v1)

· uj :dxbdd itl
dG (v1) =

∑

vj∈NG(v1)

a1jeplaiw u jxr ly meniqwnd `ed u1y oeeik j`e ,v1 ipky lr u jxr ly rvennd `ed oini sb` oklly ilniqwn jxr milawn v1 ipky lk xnelk ,meniqwnl mieey mlek okle meniqwnl deey rvenndy.uiww lk z` dqkpy r ,lewiy eze`n ilniqwn jxr milawn ok mb mipkyd ipky ,dlilg xfege.V 1 oey`xd aikxdzix`pil dxabl`n zxekfz.i denre i dxey zhnydn zlawznd dvixhnd `ed dvixhn ly iy`x xepin(iliiw htyn ,Matrix-Tree Theorem) ur-dvixhn htyn.LG iy`x xepin ly dhppinxhl deey 1 < xqn G sxb miyxetd mivrd 'qndnbe.G = K3.K3l miyxet mivr dyely yi
LK3

=





2 −1 −1
−1 2 −1
−1 −1 2



:`ed K3 z` miyxetd mivrd 'qn ,ur-dvixhn htyn itl
∣

∣

∣

∣

2 −1
−1 2

∣

∣

∣

∣

= 3 dgked.(?z`f gipdl ozip ren) dpexg` denre dxey mihinyn ,k"da ,gipp.m zerlvd 'qn lr 'pi`a gikep.(1 < n dgpdd itl ,sxbd xq) m = 0 m`.miyxet mivr el oi` okl xiyw epi` sxbd.0 miyxetd mivrd 'qn okl.0 `id iy`x xepin ly dhppinxh okl ,n× n lebn 0 zvixhn `id wix sxb ly o`iqltld ,ji`n.zerlv m-n zegt mr sxb lk xear htynd zepekp gipp.e = (vn−1, vn) k"da ,Ga rlv e `dze zerlv m mr sxb G idi.G z` miyxetd mivrd 'qn nG onqp1 xfr zprh
nG = nG\e + an−1, n · nG/e1 xfr zprh zgked:mibeq ipyl G z` miyxetd mivrd z` wlgp.e z` likn 'a beq ,e z` likn `l '` beqbeqn miyxetd mivrd 'qn okl ,G\e ly yxet url r"gg mi`zn '` beqn G ly yxet ur lky al miyp.nG\el deey '`5



.vnl vn−1 oia zerlvd zg` z` el mitiqen m` G ly yxet url jtdp G/e ly yxet ur lk.an−1, n · nG/el deey 'a beqn G ly miyxetd mivrd 'qn ,okl.xfr zprh l"yndxrd.e ly miwzerd lk zhnyd i"r G-n lawznd sxbd = G\ely ieaixl deey (e, x) ly ieaixd f` f` ,e ygd wwde e = (v, u) m` ,i"r Gn lawznd sxbd G/e.(x, v) ly ieaix + (x, u)2 xfr zprh:if` LG ly iy`x xepin ly dhppinxh ∆G onqp
∆G = ∆G\e + an−1, n∆G/e 2 xfr zprh zgked:m`

LG =

M

dG (vn−1) −an−1, n

−an−1, n dG (vn):if`
LG\e =

M

dG (vn−1)−an−1, n 00 dG (vn).(iy`x xepina dpexg` dxey) n− 1 dxey itl ∆G\e-e ∆G gztp:lawp
∆G −∆G\e = an−1, n detM :ze`xdl xzep

∆G/e = detM :j`
LG/e =

M:okl M weia `ed iy`x xepin okl ,e ygd wwl zeqgiizn dpexg`d denrde dxeyd xy`k
∆G/e = detM .2 xfr zprh epniiqedpwqn.iliiw htyn:dkxd.LKn

= (k − 1) Ik −AKn.Kn z` miyxety mivrd 'qn `ed n xqn mipneqnd mivrd 'qn6


